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We introduce an abstract framework for elliptic boundary value problems in a variational form. Given 
a non-negative quadratic form in a Hilbert space, a boundary pair consists of a bounded operator, the 
boundary operator, and an auxiliary Hilbert space, the boundary space, where the boundary operator 
(usually, the restriction of a function to a subset) is bounded from the quadratic form domain into the 
auxiliary Hilbert space. 

These data determine a Neumann and Dirichlet operator, a Dirichlct solution and a Dirichlet-to- 
Neumann operator. The basic example we have in mind is a manifold with boundary, where the 
quadratic form is the integral over the squared derivative, and the boundary map is the restriction of a 
function to (a subset of) the boundary of the manifold. 

As one of the main theorems, we derive a Krein's type resolvent formula relating the difference of 
the resolvents of the Neumann and Dirichlet operator with the Dirichlet solution and the Dirichlet-to- 
Neumann operator. From this, we deduce a spectral characterisation for a point being in the spectrum 
of the Neumann resp. Dirichlet operator. 

We relate our concept with existing concepts such as boundary triples including conditions expressed 
purely in terms of boundary pairs. We illustrate the theory by many examples including Jacobi opera- 
tors, Laplacians on manifolds with (non-smooth) boundary and the Zaremba (mixed boundary condi- 
tions) problem. 
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1 Introduction 

Probably the best way to illustrate the main subject of this article is to start with a basic example, from which 
we borrow the names for the abstract setting: Let X be a manifold with (possibly non-smooth, but Lipschitz) 
boundary dX. We set 

:= L 2 (X), fj(u) := ||du|| 2 , u £ domfj = Jf 1 — H 1 (X), 

where H 1 (X) is the completion of the set of smooth function with respect to the norm given by := |M|^ + 

E)(it). The operator H associated with f) is the usual Neumann Laplacian on X. As boundary space and operator 
we set 

Sf:=L 2 (y) and Tu:=u\ Y , 

respectively, where Y = dX (or a suitable subset). 

In the abstract setting, a boundary pair (L, Sf ) associated with a non-negative closed quadratic form f) consists 
of a bounded operator T: Jtf 1 — > Sf (the boundary map) and an auxiliary Hilbert space & such that kerT C Jf? 
and ranT C are dense. 

In the concrete manifold example, these conditions are fulfilled and we say that (r, £f) is the boundary pair 
associated with (X,Y). Moreover, L is the Sobolev trace operator and not surjective. We call such a boundary 
pair unbounded. The operator H u associated with the form f) D := fjtkerr is the usual Dirichlet Laplacian (or, if 
Y C dX, a mixed boundary value problem, also called Zaremba problem if dX is smooth). The Sobolev space Jf? 1 
decomposes into the sum of Jf? 1 ' 1 * := ker T and ,yV 1 (z), where ,y\^ 1 (z) is the space of weak solutions, i.e., 

.jV\z) ^{he.Jf 1 ] t>(h, /) = z{h,f)je V/ e kerT =: J(? 1,D }, 

and the sum is direct if z €E C is not in the spectrum of the Dirichlet operator i? D . On this weak solution space, 
we can invert the boundary operator and call 

S(z) := (r^Hr 1 :? 1 ^/ 

the (weak) Dirichlet solution operator or Poisson operator, because h — S{z)(p is the (unique) weak solution of the 
Dirichlet problem h £ jV l (z) with Th = ip. The Dirichlet-to-Neumann operator A(z) is now defined as the operator 
associated with the sesquilinear form 

l,(<p,rl>) = Q)-zx)(S(z)<p,S(-l)4>). 

Applying the (first) Green's formula for sufficiently regular ip one can see that A(z)(p — d n h\ Y , i.e., that A(^) acts 
as the usual Dirichlet-to-Neumann operator associating the normal derivaive of the Dirichlet solution of a boundary 
value ip (see Proposition 16.81 for details). 

As one of the main theorems of the abstract theory, we derive a Krein's type resolvent formula 

R(z) - R D (z) = S(z)A(z)- 1 S(z)*, (1.1) 
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relating the difference of the resolvents of the Neumann and Dirichlet operator with the Dirichlet solution and 
the Dirichlet-to- Neumann operator (Theorem I4.4p . From this, we deduce a second main theorem, a spectral 
characterisation for a point being in the spectrum of the Neumann operator (Theorems 14.91 and I4.18P , namely 

\E<t(H) iff Oe<i(A(A)), (1.2) 

provided A er(iJ D ). This spectral relation extends known results for (ordinary) boundary triples to our general 
context (see e.g. |MT0] . |BGW09l Cor. 2.3, Sec. 2.2], |BGP08l IBJV1N02| . going back to ideas already contained 
in |V52j and [Gr68 ]). We would like to stress that our approach here allows the natural boundary operators and 
Dirichlet-to-Neumann operator in this context. 

The concept of boundary pairs associated with a non-negative quadratic form is in some sense a generalisation 
of the concept of boundary triples (also called boundary value spaces) associated with a closed operator 7J max . 
Boundary triples are often used to describe all possible self-adjoint extensions of _ff min = (_ff max )*, see e.g. |GG91[ 
IDM911 IDM951 IBMN02] or [BGP08] for an overview. In our context, H min = H D n H (i.e., dom# min = domif n 
domTJ). 

Extension theory for operators in Hilbert spaces is a subject with a long history. Possibly the first treatment 
goes back to von Neumann |vN30j and Friedrichs |Fr34] . Further contributions are given by Krein |Kr47] . and 
Birman |Bi56j . Later on, Vishik V52 , Grubb Gr68 , Gr70 and many other authors contributed to the subject in 
the context of elliptic boundary value problems, see e.g. [BGW09, [BL101 TGrllj for a more up-to-date reference list. 

Only recently (although there are many earlier attempts), these two subjects have been combined, and successfully 
applied to elliptic bou ndary v alue problem s, see [Grl2l iGrTTl iBLTOl iGrTOl IMIUI IBGW091 lBHM+091 IGM09I IPsR09l 
lUrMl IBMNW08I lP08l |Ry57l lP07l IBL07] and references therein. 

In this article, we use a slightly different approach. Instead of starting with a symmetric operator H min , we start 
with a non-negative quadratic form t) and only one boundary operator T, a bounded operator from the quadratic 
form domain Jf? 1 = domf) into an auxiliary Hilbert space Sf. The data (r,Sf) and f) determine a Neumann operator 
H (the operator associated with the quadratic form itself) , a Dirichlet operator 7J D (the operator associated with 
the restriction of the quadratic form to the kernel of the boundary operator), a Dirichlet solution S(z) associating 
to a boundary value <p € ranT =: Sf 1 / 2 the (weak) solution h = S(z)<p of the Dirichlet problem Th = <p and finally, 
a Dirichlet-to-Neumann operator A(z) in 3? (z € C \ <r(iJ D )). 

The form approach has already been used in the context of extension theory in [Gr70] and [Ax9 6; going back to 
results of Krein and Birman |Kr471 IBi56j , see also the nice review |ArT09j . We would like to stress that our main 
motivation is not to describe all possible extensions, but rather to show Krein's resolvent formula ([l.ip and the 
spectral characterisation (|1.2j) . see also the next subsection for further motivations. 

Let us now relate our concept of boundary pairs with the concept of boundary triples (and related concepts). 
Namely, we can associate a boundary triple (r, T', Sf ) with a boundary pair (r, Sf ) (fulfilling some mild conditions), 
where the second boundary operator V maps from a subspace of J^f 1 into Sf such that the (first) Green's formula 

t ) (f,g) = (H^f,g)^ + (r'f,Tg) 

holds. In the manifold example above, this is the usual Green's formula where V is the normal derivative restricted 
to the boundary (see Section f6TTj) . 

The choice of "Neumann" and "Dirichlet" conditions for boundary pairs is not as restricted as it looks like at first 
glance: one can replace the quadratic form f) by f)£, where 1)l(u) :— t)(u) + (LTu,Tu) for some operator L in §f. It 
can then be shown that (r,^) is also a boundary pair associated with rjz, (for suitable operators L), and that the 
associated Neumann operator is of Robin-type, i.e., functions in its domain fulfil T'u + LTu = (see Section [5.ip . 

Another main result of this article is to identify properties in terms of the boundary pair to assure that the 
associated boundary triple is an ordinary, generalised or quasi-boundary triple introduced by other authors (see 
e.g. [BL101 IBGP081 IBL071 IBMN021 IDM95] and references therein). We call these additional properties of a boundary 
pair elliptic regularity and uniform positiveness, expressed in terms of the Dirichlet solution operator S := S(— 1): 
A boundary pair is elliptically regular (resp. uniformly positive) if there is a constant c G (0,oo) such that 

\\S^p\\m> < c\\(fi\y (resp. ||SV||jr > c||^||cf) 

for all ip € Sf 1 / 2 = ranT, see Theorems 13.51 and 13. 141 for equivalent characterisations and justifications of the names. 
Let us just mention here that the notation "elliptic regularity" is very closely related to the same notion for elliptic 
partial differential operators (see the proofs of Theorems 17.121 17.251 and 17.271) . 

To our knowledge, these conditions are new; only the condition of elliptic regularity appears in the works of 
Brasche et al. [BD05, BAB08, BB ABll] in order to have an optimal convergence speed for Robin- type resolvents 
(see Remark l3~7|) . 
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We have the following (classes of) examples showing that the above properties of boundary pairs are relevant 
(sec Definition 16.31 for the notion of ordinary, generalised and quasi-boundary triples) . Note that a boundary pair 
(F,^) with finite-dimensional boundary space is automatically bounded (i.e., ranT = T^f 1 ) — Sf), and that a 
bounded boundary pair is automatically elliptically regular. 
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boundary triple is an ordinary boundary triple; g-bd3: . . . generalised boundary triple; q-bd3: . . . quasi- 
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As an example, the elliptic regularity of the boundary pair associated with (X, Y) described at the beginning is 
equivalent with the condition that T'u G Sf = L 2 (l r ) for all u E dom7f D , where T'u = d n u is the normal derivative in 
a weak form (see Theorem l6.9|) . For the Zaremba problem (see Section [7771 and Theorem l7.27[) . Y is a proper subset 
of the smooth boundary dX. The corresponding "Dirichlet" operator H D fulfils Dirichlet conditions on Y and 
Neumann conditions on dX \Y. It can be seen that there are functions u € dom7J D such that d n u £ L 2 (Y), hence 
the corresponding boundary pair is not elliptic. Nevertheless we have a (weak) formulation of Krein's resolvent 
formula 

Purpose of this article 

Let us explain here why we believe that our approach is useful: 

• Boundary pairs give a simple and unified language bringing together very different approaches such as bound- 
ary triples, Weyl-Titchmarsh functions, Jacobi operators, elliptic boundary value problems (even with low 
regularity as for the Zaremba problem or with non-smooth Robin boundary conditions), Dirichlet-to-Neumann 
operators, boundary conditions for differential form Laplacians, non-negative form perturbations, Dirichlet 
forms, discrete Laplacians; 

• The concept of boundary pairs uses only very little information on the model, but still allows to develop 
a reasonable spectral analysis of the problem and to include a wide variety of examples. This is useful for 
example in problems with low regularity or with parameter-depending spaces such as manifolds shrinking to 
a metric graph. 

• We provide conditions under which a boundary pair fits into existing concepts such as boundary triples; and 
in what sense it is more general than existing concepts. 

• We see our approach as a starting point for ongoing research (see the outlook below), and this article is meant 
to provide the basic tools. 

It is clear that such a general concept cannot avoid deep analysis on certain classes of problems such as elliptic 
regularity questions for partial differential operators ("there is no free lunch ..."). But we believe that we can 
provide interesting new links between very different subjects; e.g. the property of a boundary pair to be elliptically 
regular is equivalent in the Schrodinger operator model with infinitely many point interactions with a certain 
optimality of the resolvent convergence (see Remark l3.7[) . 

Related works 

The closest link to abstract boundary value problems is possibly the concept of quasi-boundary triples; and it turns 
out that precisely the elliptically regular boundary pairs have an associated quasi-boundary triple (see Theorem l6.9l) . 
For an overview concerning quasi-boundary triples we refer to [BL1CK A related (generalised) concept is considered 
by Ryzhov in |Ry07 , where he solves the inverse problem: if two families (A(z) z ) of Dirichlet-to-Neumann operators 
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agree in a neighbourhood of z = 0, then the associated boundary triples are (in a certain sense) "isomorphic" . Both 
concepts are formulated on the operator level. 

Moreover, the notion of boundary pairs appears also in wor ks of Arlinskii [Ar96l lAr99l lA"r00] (see also the 
survey [ Ar 1 2] and references therein), but with the Krein extension as Neumann operator and the additional 
condition that ranT = Sf (what we call bounded boundary pair here, see Remark 16. 1 T|) . Arlinskii was mainly 
interested in characterising all possible variational extensions of the associated minimal operator (for related works 
by Grubb |Gr68) see also Section 16. 2\i . Arlinskii |Ar99j also associates a boundary triple with a boundary pair in 
the same spirit as we do in Section [6.1 1 

Lyantse and Storozh [LS83] use a similar notion for operators (see Remark I6.13P . There is another approach 
for first order systems in |Mol2j . Malamud and Mogilevskii [MM021 discuss the extension theory for dual pairs of 
operators or even relations and also provide a Krein-type formula for the resolvents. 

Posilicano |P08j considers (in our notation) a self-adjoint extension H B and a bounded operator L' : domH D — > 
<S (domiJ D with its graph norm) which is surjective and has dense kernel. He then describes all self-adjoint 
extensions of the associated minimal operator H mm := iJ D |' kcrr , via a Krein-type formula. Other results on 
Krein-type resolvent formulas are also considered in [DHMdS09l iPsOl] . 

Abstract formulations of elliptic boundary value problems have already been considered by Grubb in JGr70 
where she considers self-adjoint extensions of a non- negative, closed operator (see Section RT21 for details). There is 
also an extensive literature of applications of boundary triples to elliptic partial differential operators (see [Grill 
iBLTOl iMTOl IGM09I |Ry09l IBGW09I lGr08l lP08l IBL071 |RyCf7l lPa06l lATOOl lGr68l IV52] and references therein). In 
most of these articles, one either has to use different boundary operators than Tu = u\ u and T'u = d n u in L 2 (dX), 
change the boundary space L 2 (dX) using some non-local identifications, or one has to use a generalised concept for 
boundary triples (see the discussion in |P12a[ Sec. 1.2.9]). 

Arendt and ter Elst |AtE08j define a generalised notion for sesquilinear forms and associated operators, using 
an operator playing the role of our boundary operator T. Their concept allows to define a Dirichlet-to-Neumann 
operator even on very rough domains, see [AtEllj . We relate their results with ours in Section IB~51 

A different approach using the notion of Dirichlet forms is used in the works of Brasche et al [BD05I [B AB08 , 
BBAB11 . Their concept is called non-negative form perturbations and can equivalently be given (in our notation) 
by a non- negative closed quadratic form f) in Jff with domain Jif 1 := domf), an auxiliary Hilbert space and an 
identification operator V, closed as operator Jf 1 — > S? and densely defined in Jf? 1 with dense range ranT ([BBAB11, 
Ex. 2.1 and Lem. 2.2]). It is more general than our concept since T is not assumed to be bounded as operator 
J/f 1 & and since kerT is not assumed to be dense in Jf? (we have one example where we also drop the latter 
density condition, see Section ITS)) . We would like to stress that Brasche et al. only consider (what we call) the 
Dirichlet-to-Neumann operator A = A(— 1) at z = — 1 and not families of Dirichlet-to-Neumann operators (A(z)) z 
as we do. 

One of the main examples in [BBAB11 is the Laplacian on R with infinitely many delta interactions on it (in the 
terminology above, Robin- type perturbations of the Neumann Laplacian on R, see Remark l3~7|) . a case also treated 
in detail in [KM 10] . 

Outlook 

Let us describe here further ideas and concepts serving as starting points for ongoing research: 
• Boundary pairs: 

— consider differences of powers of resolvents, trace formulae and relative determinants; 

— consider more general Robin- type conditions than the ones in Section [5 .11 (L = a > 0), apply this to the 
manifold case where L is the multiplication with a low regular function on the boundary or some other 
operator; allow negative operators L; 

— couplings of building blocks (encoded by boundary pairs) according to a graph, relate global with local 
properties; 

— convergence of operators in different Hilbert spaces and boundary pairs (see the forthcoming publication 
on graph- like manifolds |BP12j ): 

— inverse problem: isomorphy of boundary pair; given an operator-valued Herglotz function — A(-), can we 
reconstruct a boundary pair with A(z) as Dirichlet-to-Neumann operator? What information is contained 
in the Dirichlet-to-Neumann operator? What operator-valued Herglotz families can be obtained by 
general boundary pairs (in the spirit of [DM95] or [AB09] )? 

— analyse the non-elliptically regular case and extend the spectral analysis for such boundary pairs, consider 
also A(-) as operator pencil; 
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— generalise the concept to boundary operators T which are only closed as operators Jif 1 — > & (in the 
spirit of [BBABllj and |AtE08| ): 

— relate the concept to the theory of Dirichlet forms; assuming that Jif — \- 2 (X) and Sf = L 2 (Y), and T is 
compatible with the lattice structure of the L 2 -spaces. 

• Boundary triples: 

— given a boundary triple associated with (H min )*, JJ mm > 0, when is there an associated boundary pair? 

— characterise the Dirichlet spectrum via the Neumann-to-Dirichlet operator A(z)™ 1 ; consider the abso- 
lutely and singular continuous spectrum. 

Structure of this article 

Section [2] contains the basic notion of a boundary pair, Dirichlet solution operator and Dirichlet-to-Neumann 
operator. In Section [3] we find additional properties of boundary pairs needed in order to prove certain Krein-type 
resolvent formulas and spectral relations in Section 0] and to relate our concept to boundary triples and others in 
Section [5] Section [5] consists of boundary pairs constructed from others, such as the Robin-type perturbation in 
Section 15.11 and coupled boundary pairs in Section 15.21 and a construction how to turn an unbounded boundary 
pair in a bounded one in Section 15.41 In Section [7] we provide many examples including Laplacians on intervals, 
Jacobi operators, Laplacians on manifolds with Lipschitz boundary, a Dirichlet-to-Neumann operator supported on 
an embedded metric graph, the Zaremba problem and discrete Laplacians. 
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2 Boundary pairs associated with quadratic forms 

2.1 Boundary pairs, Dirichlet solution operators and Dirichlet-to-Neumann operators 

We start with our basic object, using only quadratic form domains for the moment. 

Definition 2.1. Let f) be a closed non- negative and densely defined quadratic form in the Hilbert space J(? with 
domain Jif 1 := domf). We endow Jt? 1 with its natural norm given by the quadratic form, i.e., 

II/ILV ~\\f\\% + &(/)■ ( 2 - 2 ) 

Moreover, let 

T: Jf 1 — 

be a bounded map, where <S is another Hilbert space. We denote the norm of the operator T by ||r||i^o- 

i. We say that (r, ^) is a boundary pair (or T is a boundary map) associated with the quadratic form f) if the 
following conditions are fulfilled: 

a) JT 1 ' := kerT is dense in JT . 

b) Sf 1 / 2 := ranT is dense in ^. 

If the first condition is not fulfilled, i.e., if kerT is not dense in Ji? then we say that the boundary space is 
large in or shortly, that the boundary pair has a large boundary space. 

ii. If Sf 1 / 2 ^ Sf, then we call the boundary pair (r,^) unbounded. Otherwise, if the boundary map is surjective, 
then we call the boundary pair bounded. 
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iii. We call the self-adjoint and non-negative operator H associated with [) (see |Kat66[ Thm. VI. 2.1]) the Neu- 
mann operator. Its resolvent is denoted by R(z) := (H — z)~ x and R :— R{— 1) for z E C \ cr{H). The 
associated scale of Hilbert spaces is ,J#? k ' N :— domiJ fc / 2 with norm ||M||fc,N := \\{H + l) fc / 2 u||. For negative fc, 
we set J$?~ k ' N := (^f fc ' N )*, where (•)* refers to the pairing induced by the inner product of . In particular, 
we can interpret Jf~ k,N as the completion of Jif with respect to the norm H-H-a^n- Note that Jt? 1 = Jf 1 ^ 
and therefore also Jt? _1 = ^~ 1:N ; for details on scales of Hilbert spaces, see |P12a[ Sec. 3.2], see also the 
beginning of Section B~2"1 

iv. Denote by h D := h|^!. D the forn{] restricted to ^ 1,D . Denote by JT B the closure! of kcrT = J^ 1B 
in Jff. Moreover, we call the self-adjoint and non-negative operator H D associated with f) D in J%?°' U the 
Dirichlet operator. We denote its resolvent by R D (z) := (H D - z)- 1 and R D := R D {-1) for z e C \ a{H D ). 
The associated scale of Hilbert spaces in J$?°' D is denoted by Jt? k ' D := dom(iJ D ) fe ' 2 with norm ||u||^ d : — 
\\(H D + l) k / 2 u\\ and Ji?- k > D := (Jf k ' B )* for k > 0. 

For consistency, we extend R°(z) by on (J4?°' T> ) ± , and denote the extended resolvent by the same symbol, 
i.e., we set R D {z)f := (H D - ^) _1 / D © for / = / D f- 1 (see e.g. [We84j for the concept of a resolvent for 
a non-densely defined operator and the related concept of a quasi-inverse) . 

We sometimes use the notation A k ^ m -V ( or s j m ilar ones) to indicate that B: M' k — > Jt° m B is a bounded 
operator. If a is a quadratic form bounded from below and closed, with domain J4f k , and if m = —k, then we also 
write A := A k ^~ k , where (Au)v := a(u,v) (see also the beginning of Section |4~2"1) . 

Remark 2.3. 

i. If ranT is not dense in Sf, then we can replace Sf by Sfo := ranT. 

ii. In most of our examples, kerT is dense in J$?, but it is sometimes useful to drop the condition that kerT is 
dense, i.e., to allow that the boundary pair (T,&) has a large boundary space. If we want to stress that we 
mean a boundary pair such that kerT is dense in Jff, we say that (r,£f) has a small boundary space. 

An example of a boundary pair with large boundary space is presented in Example 12.41 and in Sections 17.11 
and 17751 

iii. We mostly work with unbounded quadratic forms t). In Section 17.81 we present an example with a bounded 
form f) related to a discrete Laplacian on a graph; in this case, — J%?^ . 

iv. Note that if the boundary pair (r,^) associated with f) is not bounded (i.e., ranT C £f), then we can turn 
it into a bounded boundary pair (r,^) (i.e., ranT = 5f) associated with F) as shown in Proposition 15.91 
Nevertheless, after this modification, the boundary space is less natural in many applications. 

Example 2.4. Let us illustrate the above setting by a prototype we have in mind (see also [BBAB11 and references 
therein): Assume that {X,fi) is a measured space. As quadratic form we usually choose an "energy form", i.e., 
h(/) = J x |d/| 2 d/z, where |d/| 2 is usually a sort of "derivative" on X. Moreover, we assume that Y C X is 
measurable (the "boundary" of X) and v is a measure on Y. We set Jf :— L 2 (X,u.) and <S := \- 2 (Y,l>). As 
boundary map we choose Tf := f\ Y - One has to check now that T is bounded as operator Jrf? 1 — > Sf, i.e., that 
there is a constant C > such that 



If li(Y) > 0, then the boundary space is large, and we may take as measure v the measure induced by X (i.e., 
v(B) := fi(B) for measurable sets B C Y). Here, in this article, we mostly are interested in the case when 
ri(Y) = 0, i.e., v is supported on a set of /Lt-measure only. This leads to a boundary map for which kerT is dense 
in itf? = L 2 (A, pi), i.e., to a small boundary space. 

Definition 2.5. Let JV 1 be the orthogonal complement of kerT in J^ 1 . We call the inverse 



^^Note that h D is a closed form since V : Jt? 1 — > @ is bounded, hence dom f) D = kerT closed in J)? 1 . 

2 Note that °' D C Jif only if the boundary pair has a large boundary space, i.e., if kerT is not dense in Jif. This general setting 
allows us to treat some interesting examples as well. 




of the bijective map T : jV 1 



S := (rf^i)- 1 : Sf 1/2 — > ^K 1 C Jf 1 
^■1/2 ._ ran p t ne ( wea k) Dirichlet solution map (at the point z 



1). 
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Clearly, h = Sip with tp £ if 1 / 2 is the weak solution of the Dirichlet problem, i.e., 

{i) + i)(f,h) = i)(f,h) + {f,h) =0 v/ejr 1 - , r/i = ^. 

The Dirichlet solution operator S allows us to define a natural norm on the range Sf 1 / 2 of T, namely we set 

|M|^i/2 := \\Sip\\,^i, (2.6) 

i.e. the norm of the boundary element ip is given by the J^ 1 -norm of its (weak) Dirichlet solution. Clearly, the 
operator S: if 1 / 2 — > .Jf? 1 is isometric and its left inverse T: jV 1 — > if 1 / 2 is unitary. In particular, i$ x l 2 is itself a 
Hilbert space (with its inner product induced by H'H^i/a). Moreover, the natural inclusion ^f 1 / 2 ^ if is bounded, 
since 

IMk = lirs^Hsf < ||r||i^ol|5'y|L^i = ||r||i_>.olMI»v2, (2.7) 

where ||r||i_>o is the norm of V as operator T : — !> Sf. 

Proposition 2.8. Let (I\§f) &e a boundary pair associated with f) ; then we have: 

i. The Dirichlet solution operator S is closed and densely defined as operator in Sf — » J^ 1 . /is domain is given 
by doraS = if 1 / 2 . 

ii. The quadratic form I defined by l(tp) := ||SV|| 2 loiift doml = ^# 1 / 2 is a closed quadratic form in if . Moreover, 



K<P) > ijfp— IM& ( 2 -9) 



1 1 — >o 
/or G Sf 1/2 . 

Proof. (0) The operator 5 has (by definition) a bounded inverse, hence S is closed. 

ijujl The lower bound on [, the optimality and the norm equality for ||r|| i_>.o follow immediately from (|2.7p . In 
order to show that [ is closed, let {ip n )n be a Cauchy sequence in if 1 / 2 with respect to [, then (<p n ) n is also a Cauchy 
sequence in if, hence converges in iS to an element tp G . Moreover, (S<p n ) n is a Cauchy sequence in Jf? 1 , hence 
also convergent to h G Jf 1 . Since S is closed it follows that tp G domS* = if 1 ! 2 and Sip — h, i.e., tp G dom[ and 
i((fi n — tp) — > 0. The lower bound on [ follows from (|2.6p . □ 

Let us now associate a natural operator A to a boundary pair (r, if). It will turn out later on (cf. Proposition UTS]) 
that A is the Dirichlet-to-Neumann operator, i.e., Atp associates to a suitable boundary value tp the "normal 
derivative" of the associated solution of the Dirichlet problem h — Stp. 

Definition 2.10. Let A be the operator associated with the quadratic form I. Then A is called the Dirichlet-to- 
Neumann operator (at the point z = — 1) associated with the boundary map T and the quadratic form f). We 
denote by if k the natural scale of Hilbert spaces associated with the self-adjoint operator A, i.e. we set 

^ :-domA fc , \\tp\\ k := \\A k tp\y. 

Note that y\\ 2 1/2 = ||AVV||2 = [(^) = || 

fWli/2, i-e. the setting is compatible with our previously defined norm 
in (|2.6p . The exponents in the scale of Hilbert spaces Jff k and if k will be consistent with the regularity order of 
Sobolev spaces in our main examples in Section 17.41 a boundary pair associated with a Laplacian on a manifold 
with (smooth) boundary. 

In the following proposition, we denote the adjointfd of T: ,¥P X — > if w.r.t. the inner products in Jf? 1 and if 
by r 1 *. Similarly, the adjoint of the operator S viewed as (possibly unbounded) operator from if into Jff 1 with 
domain if 1 / 2 is denoted by S* 1 . 

Theorem 2.11. Let T be a boundary map associated with f). 
i. We have {if 1 = )domA = domS^S and 

A = S* 1 S>— i— . (2.12) 
II 1 111 — 

In particular, A -1 = IT 1 * exists and is a bounded operator in if with norm bounded by ||r||f-^o- 



3 It is easy to see that T 1 * = BT* — > 3tf 1 and S* 1 = S*(H + 1): jT 1 — > W, where T* : .if" 1 — ► <S and S* : <& — > .if'" 1 are the 
duals with respect to the pairing (■, •)— 1,1 : ,ff J ~ 1 x Jf 1 — > C. 



8 



2.2 The Dirichlct solution operator at arbitrary points 



ii. We have ||r|| i_>o = V hiff(A); in particular, the lower bounds in (|2.9p and (|2.12l) are optimal. 

Hi. The boundary pair is unbounded iff A is unbounded^ 

Proof. (0) The lower bound on A follows from (|2.9j) . Moreover, by definition of the associated operator (see 
e.g. |Kat66l Thm. VI.2.1]) ip e domA iff 

= {',¥>) = (S-, Sip) jpi 
extends to a bounded functional Sf — > C, i.e., iff Sip £ domS 1 * 1 . Moreover, 

(ip,A(p)& = ((p,(p) m/ 2 = (S<p,S<p)mi>i = (ip,S* 1 S<p)9 

for <p € domA. Since S is closed, densely defined and S~ x — T: ,jV x — > & is bounded, it follows that S* 1 is 
invertible and (S* 1 )' 1 = V 1 * (cf. (Kat661 Thm. III.5.30]), hence A" 1 = IT 1 *. 

(|nf From (|2.I2I) we conclude immediately the inequality ">". For the inequality "<", note that there is a 

sequence h n £ Jf? 1 such that \\h n \\_#?i — 1 and ||r/i„|| — > |]r|| x >-o- Moreover, we can assume that h n € JY X since 

the component in kerT = J/f 1 ^ does not contribute to the norm of T. Let ip n := Th n , then we have 

tQgn) _ \\hn\\%a 1 

|| Vn p ~ ||rM 2 ~* \\nUo' 

hence inf cr(A) < l/||r||f^ by the variational characterisation of the spectrum of A. 

fmj Assume that ranT = . Since rf : JY 1 — > is bounded and bijective, its inverse S is bounded as 
well by the open mapping theorem. Hence A = S* 1 S is bounded. On the other hand, if A is bounded, then 
l(<p) = \\S(p\\^,i is a bounded and everywhere defined quadratic form. In particular, S: S? — > Jt? 1 is everywhere 
defined and bounded. For <p € <S we then have ip = TSip E ranT, i.e., ranT = Sf . □ 

For a bounded boundary pair, the scale of Hilbert spaces consists of one vector space only, and all norms are 
equivalent, i.e. 

l|r||r^lMI*<IMI**<l|A||*|Mk- (2-13) 
2.2 The Dirichlet solution operator at arbitrary points 

Let us now extend the Dirichlet solution operator to arbitrary spectral points z£C \ ct(H u ). 
Definition 2.14. Let z G C. 

i. We call 

JT l (z) -.^{he^l t){h, f) - z{h, f)je = V / e } 
the set of weak solutions in z € C (with respect to the boundary pair (r,Sf) and the quadratic form f)). 

ii. Let <p € We say that h is a weak solution of the Dirichlet problem at the point z, if h € jV x {z) and 
r/i = </j. 

Note that jV l {—\) = (see Definition 12. 5p . Moreover, it is easy to see that ^A /1 (z) is a closed subspace of 

Proposition 2.15. Let z eC\ cr(H D ). 

i. Let h\,h2 € JV {£) be two weak solutions of the same Dirichlet problem Th\ = Th2, then h\ = h,2- 

ii. The spaces Jf 1 ^ and ,jY y {z) are closed as subspaces of .ff 1 and we have the decomposition 

J^ 1 =Jif 1 ' T> +^ 1 (z), (2.16a) 

and 

P(z)g := STg + (z + l)R B (z)STg (2.16b) 

is the projection of g onto JV (z) with respect to the above decomposition. The sum is orthogonal if z = — 1. 

4 A similar proof shows that the boundary is unbounded iff A(z) is unbounded for some (any) z G <C \ a(H°), see Section 12.31 for the 
definition of A(z). 

5 Here, we denote by = the topological sum of J%i and J#2, i.e., the sum is direct (but not necessarily orthogonal), and 

Jffl, are closed in Jjf. 
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2.2 The Dirichlet solution operator at arbitrary points 



The choice of P(z) becomes more clear with Theorem 12.211 (0) (choosing w = —1). 

Proof. Assume that hi and /12 are two solutions of the Dirichlet problem with Th\ = Lft,2- Then h := hi — hi G 
1 - D n jY x {£). Since f) D - zi is non-degenerative on 1 ' D x Jf^ D for z ^ er(# D ), we conclude ft = 0. 
(pl| The space JSf 1,13 = kerL is closed since T is bounded, and ,yY 1 (z) is easily seen to be closed as subspace of 

.ye 1 , too. Moreover, for g G Jf? 1 , we set g z = P(z)g = h + (z + l)R B (z)h with h := STg and g D := g - g z . Then 

r. 9 D = Tg - Th = and 

(f, - zx)(jg Zi /) = (()- zi)(h +(z + l)R D (z)h, f) 

= (!) + l)(h, f)-(z+ l)(h, f)+(z + l)(f) D - z)(R D (z)h, f) = 

for / e ^ 1,D . Here, the first term vanishes since jV 1 and J^ 1 ' are orthogonal in Jff 1 ; and the second and third 
term cancel each other. Therefore, we have shown that g = g° + g z G Jf 1 ' + jV 1 {z). Finally, the sum is direct, 
since J t / 1 {z) H J^ 1,D = {0} by the uniqueness of the weak Dirichlet solution, cf. (0). □ 

We now define a "solution" operator S(z) as the inverse of the boundary map T, i.e., h = S(z)<p is the unique 
solution of the weak Dirichlet problem h 6 ,_A /1 (z) and Th = p for z ^ <t(H u ). 

Definition 2.17. Let S(z): Sf 1 / 2 — ► Jf 1 be given by 

S(z) := (Tl^^r 1 : ^ 2 — > ^\z) C 

Let us now relate the Dirichlet solution operator in different points z,w £ C \ cr(H B ). For / G Jf? we set 

U{z,w)f := f + {z-w)R D {z)f. (2.18) 

Recall the convention R B (z)f = (H B - z)- 1 / ® if / = / D ffi f 1 - G Jf°' D © (Jf °' D ) ± = ^ if kerL is not dense 
in (see Definition |2~T1 (jivTl). 

Proposition 2.19. Let z, w G C \ c^ff ). 

z. TTie operator U(z,w): Jif — > je is a topological isomorphism given by 

U{z,w) = (H D -w)R D (z)®id (M . 0>D) ±, 

and U(z,w) extends/restricts to a topological isomorphism U(z, w)' c > D ~*' fe > D ; je k ' U — y J / e k B for all k with 
norm bounded by C D (z,w), wher^ 

C° M = || (H° - - z)-| < 1 + ^L- y (2.20a) 

The inverse is given by U(w,z). 
ii. IffGJ? 1 , then 

U(z,w)f = f + (z -w)R D (z)f e je\ 

and U(z,w) 1 ^' 1 : je 1 — > je 1 , f i-> U(z,w)f is a topological isomorphism (extending U(z,w) ' ~* 1,T> ), with 
inverse U(w, z) 1 "*' 1 , and norm bounded by 

C\z,w) := WUiz^w) 1 ^ 1 ^ < l + \z-w\ sup ^ ^ ■ (2.20b) 

AGct(H d ) \^~ z \ 

Hi. The projection P(z) onto l A /1 (z) in Jif 1 with kernel je 1,T) is given by P(z) = S(z)T = f/ 1 (z, — 1)ST and 
fulfils ||P(z)||i^i = C 1 (z, — 1). 

Proof. (0) is clear from the spectral calculus. Moreover, an easy calculation using the resolvent equality i? D (z) — 
R D {w) = {z- w)R D (z)R D ( w ) shows that U(z, w)U(w, z)f = f for / € JT . 

© The fact that U(z,w)f € Jf 1 if / G Jf 1 is obvious, since i? D (z)/ G Jf 2 - D C JT 1 . Moreover, U{z, w)U(w, z)f = 
f for / G Jf? 1 since this equality is already true for / G The bound on the norm shows that U(z,w) is a topo- 
logical isomorphism from onto je 1 with inverse Z7(z, w). The bound can be seen by the estimate 

Ut/^MIh^ = ||1 + (z - w)(H + l)^ 2 R (z)(H + I)- 1 / 2 )) 

< \\l + (z-w)(H D + l)^ 2 R D (z)\\. 

(fiTT|) is obvious from Theorem 12.211 or from (|2. 16b|) and (|2.22a[) . For the norm bound note that P(z) = 
U 1 ^ 1 (z, — l)P(— 1) and P(—l) is an orthogonal projection. □ 

6 We use the convention C D (z, w) := 1 if (t(H d ) = in the extreme case Jt? = <£, T = id and jif 1 ' 13 = {0}, see Section 01 
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2.3 The Dirichlet-to-Neumann form at arbitrary points 



Let us now collect some facts about the Dirichlet solution operator: 
Theorem 2.21. Let z, w £ C \ cr(H D ). 

i. We have U(z,w) 1 ^ 1 S(w) — S(z) or equivalently 

S(z) - S(w) = {z- w)R D (z) 1 ^ 1 S(w) = {z- w)R D {w) 1 ^ 1 S(z) : Sf 1 / 2 — > (2.22a) 

In particular, 

U{z,w) M : Jf 1 ' 13 + JT x {w) — > J^ 1 ' D +JK 1 (z) 
respects the splitting and the projection onto JY (z) is given by P(z) = S(z)T. 

ii. The solution operator S(z) : ^' 1 / 2 — > y^ 1 (z) is a topological isomorphism with left inverse given by T. More- 
over, 

CH-l )Z ) Mwl/2 ~ H^^ll-^ " -V^W^ (2.22b) 

with C x (-1,2) defined in (|2.20b|) . 
Hi. The solution operator is holomorphi^\ in z, and the k-th derivative with respect to z is given by 



S {k) {z) = k\B D {z) k S{z):^ 1/2 



jr 1 ^ jf, k = o, 

^^Jf'^/, k>l. 



Proof. (0) Let / := S(w)tp € .jV x (w) and g := U(z, w) 1 ^ 1 f = f + (z - w)R D (z)f. We have to show that g is the 
weak solution of the Dirichlet problem in z. The fact that Tg = Tf = cp is obvious since ri? D (2;) = 0. It remains 
to show that g € Jf x {z). Let u e 1,D , then 

(f) - zi)( ff , «) = (&- zi)(/, u) + (z - w)(f) - zi)(i? D (z)/, u). 

But the latter summand equals (z — w)(f, u) , so that (rj — zi)(g, u) = (h — wi)(f, u) = since / € ,yf /1 (w). By the 
definition of J7(z, w) 1 ^ 1 , we have J7(z, w) 1 "* 1 ^ 1 ' 15 C J$? 1,D . Moreover, we have just shown that U 1 (z, w)yi /1 (w) C 
jV 1 (z). In particular, U(z, w) 1 ^ 1 respects the splitting. Finally, P{z) — S(z)T follows from (I2.16b[) . 

([nj That S(z) is a topological isomorphism follows already from the fact that V restricted as map jV 1 {z) — > ^ 1 / 2 
is bounded and bijective. The norm bounds on S(z)(p follow easily from S(z) — U 1 ^ >1 (z, —1)5. 

(jm)) The formula for the derivative follows immediately from (|2.22a[) . □ 

2.3 The Dirichlet-to-Neumann form at arbitrary points 

Let us now define a sesquilinear form which will be associated with the Dirichlet-to-Neumann operator at z € 
C \ <t(H b ). We will see later on that this form and the associated operator is indeed what we expect from 
a Dirichlet-to-Neumann operator: Roughly, A(z)ip is the "normal derivative" on the boundary of the Dirichlet 
solution associated with tp at z, i.e., A(z) = T'S(z)cp, as we will see in Proposition 16.81 
Let us start first with what we will call the Dirichlet-to-Neumann form later on: 

Theorem 2.23. Let (r,£f) be a boundary pair and z € C \ o-(H B ). 

i. The expression 

l z (<p,TP):=(t)-zi)(S(z)<p),g), (2.24a) 

where g € Jtf? 1 with Tg = ip, is well-defined (i.e., independent of the choice of g) and defines a sesquilinear 
form^-.y 1 ' 2 xgf 1 / 2 — >C. 



ii. The family (iz) Z £C\a(H D ) of sesquilinear forms is symmetric, i.e., I* — I—, where l*((p,t/j) := l z (ij),(p) defines 
as usual the adjoint form associated with l z . 

Hi. For z, w G C \ a(H D ), we have 

iP) - luiif,^) = -{z - w)(S(z)ip, S(w)1>) = -(z - w){S{w)<p, S(z)tP). (2.24b) 



7 The holomorphy of the operator family does not depend on the topology (weak, strong or operator-norm, see IKat66l Thm. III. 3. 12]). 
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2.3 The Dirichlet-to-Neumann form at arbitrary points 



iv. The sesquilinear form l z : ^l 2 x Sf 1 / 2 — > C is bounded, i.e., \l z (ip,?p)\ < _Z^(^)||</7|| 1 / 2 ||'0lli/2^ where 

L(z) :=l + |* + l|||S(aO|| 1/2 -n < 1 + \z + \\C\z, -1). (2.24c) 

V. The Dirichlet-to-Neumann form is holomorphic in z, i.e., z i— > [ z {Lp,ip) depends holomorphically on z G 
C\ o~(H D ) for all <p,?p G Sf 1 / 2 . /is derivative (denoted by \' z ) is 

t,(<p,fl>) = -(S(z)<p,SQW), 

and the k-th derivative with respect to z is given by 

l{ k H^4>) = -k\(R D (z)) k - 1 S(z) ip ,S(z)^), 

where the sesquilinear forms l z are bounded as sesquilinear forms 

vi. If A G R \ <t(H d ), then < 0. Moreover, Ai < A2 implies l\ 1 > \\ 2 . In particular, l\ > is a non-negative 
form for A < . 

vii. We hav^ 

(Iml 2 )(^) = -{lmz)\\S{z)<p\\ 2 ^ <0 
/or 93 G Sf 1 / 2 provided Imz > 0. In particular, —l z is a form-valued Herglotz function. 
Proof. Let 51, # 2 € ^ such that Tgi = Tg 2 = (p. Then g x - g 2 G and 

(f,-zi)(5(z)^, 5l - ff2 )=0 

since S(z)ip G ,yY 1 (z) is a weak solution by Theorem 12.211 (JTJ) . 
dTTJ) is obvious. 

(|m| Choosing 5 = S^w)^ and using (|2.22a[) . we have 

V) = (f)-zi)(S(«V,s) 

= (I) - wi)(S(w)<p,g) + (z- w)(i> - wi)(R D (z)S(w)<p,g) - (z - w)(S(z)ip,g) 
= [ w(<p) -{ z - w){S(z)ip,g). 

Note that by this choice of g, the middle term in the second line vanishes (by definition of J^ 1 {w)). 
For (|iv]), we set w = — 1 in (|2.24bjl and obtain 

%(^\<Ml /2 + \z + i\\\s(zMM\s^. 

Using the estimates ||S , (^)^||^ < IjS^z)^!! ^1 and ||,S<^||,# < ||S'(p||,^i = ||y||i/2, we obtain the desired bound, 
(jvj) and (|vii[) follow by a straightforward calculation from (|2.24b[) . (jvij) is a special case of (jvj) for real z — A. □ 

Definition 2.25. We call the sesquilinear form \ z defined in (|2.24al) the Dirichlet-to-Neumann form at z G C\a(H u ) 
associated with the boundary pair (r,Sf). 

By the previous proposition, \ z is bounded as form on & 1 ' 2 x < S 1 I 2 . We therefore can define an operator 

called the weak Dirichlet-to-Neumann operator, i.e., 

(A{z)(p, tp) -1/2,1/2 = Im(<P, il>) = (J) ~ zi)(S(z)(p, Sip), 
or A(z) =S*(H- z)S(z) : Sf 1 / 2 -> J^ 1 -> ^f- 1 -> Sf- 1 / 2 in the scale of Hilbcrt spaces. 



The imaginary part of a sesquilinear form a is denned as Ima := J? (a — ft*), i.e., (Ima)(p,i/i) := (a(y5; w) — ft(^, sp)). Note 
that (Im a)[ip, ip) E C is in general not equal to Im (a(y?, ip)) S K. This equality is only true for the associated quadratic form 
Ima((/p) := Ima(<p, ip) (denoted as usual by the same symbol). 
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2.4 The Neumann-to-Dirichlet operator 



We always have an associated operator with l z , defined by 

domA(z) := {tp £ if 1/2 \ 3tP G if V77 G if 1 ' 2 : 7?) = (-0, if) 9 } ( 2 - 2 6) 

and A(z)v? := tp, and that the latter definition is well-defined (this is due to the defining equation (|2.26l) . since 
_ ran p j s dense in if by definition of a boundary pair). We call this operator the (strong) Dirichlet-to- 
Neumann operator associated with a boundary pair. Actually, A(z) is the restriction of A(z) to those tp such that 
A(z)tp G if. It is easily seen that tp G domA(z) can equivalently expressed by 

3u G JT 1 , Tu = tp 3tP G Sf Vv G Sf 1/2 : (rj - zi)(u, u) = (tp, Tv) w (2.27) 

without referring to the solution operator. 

We use the notation A(z) when we want to stress that we mean the weak Dirichlet-to-Neumann operator, and not 
the strong Dirichlct-to-Neumann operator. Recall the definition of A as operator associated with [ in Dcfinition l2.10l 
We have A = A(— 1) since [ = Lj.. 

We state more results on the strong Dirichlet-to-Neumann operator later on (see Theorems 12.291 and 13.81 and 
Proposition 13. 1 1[) . 

Remark 2.28. Theorem l2~23l fvii]) allows us to express the quadratic form c\ z defined by c\ z (tp) '. — ((^(z)^))^ in 
terms of the Dirichlet-to-Neumann form \ z , namely, q z — —l' z for A G C \ o-(H u ). This is useful in reconstructing a 
boundary pair from a given form- valued Herglotz function. We will treat this and related questions in a forthcoming 
publication. 

2.4 The Neumann-to-Dirichlet operator 

Let us first show that the weak Dirichlet-to-Neumann operator A(z) is invertible if z is not in the Neumann 
spectrum, and that the function z M- A(z)" 1 extends continuously into the Dirichlet spectrum z G a(H B ). 

Theorem 2.29. Let z G C \ {a(H D ) U o-(H)). Then we have: 

i. The weak Dirichlet-to-Neumann operator A(z) : Sf 1 / 2 — > Sf -1 / 2 is bijective with inverse 

A(z)- 1 = TR(z)T* : Sf- 1 / 2 — > if 1 / 2 . (2.30) 

ii. The operator-valued function z 1— > A(z) _1 extends into z £ cr(i? D ) , and the value is again a bounded operator 
denoted by the same symbol A(z) _1 : if^ 1 / 2 — > Sf 1 / 2 . 

Hi. The norm of A(z) _1 is bounded by C N (z, —1) where C N (z, w) is defined as in (|2.20a[) with H D replaced by H . 

iv. Denote by A(z)^ 1 : Sf — > if the operator A(z) _1 restricted to if and with range space if, then A(z) _1 is the 
inverse of the strong operator A(z): domA(z) — > if and A(z) _1 is bounded by ||F|| 2 ^ C N (z, — 1). 

V. The strong Dirichlet-to-Neumann operator A(z) is closed for z £ C \ (o~(H D ) U a(H)). 

Proof. (0) Let tp G kerA(z), i.e., l z (tp,r]) = for all rj G if 1/2 . Therefore, 

= l z (tp,r j ) = (t)-zi)(S(z)tp,g) 

for all g G Jf? 1 with Tg = 77. Since z $ a {H), the form f) — zi is non-degenerative, and therefore S(z)tp = 0, i.e., 
tp = 0. In particular, we have shown that A(z) is injective. 

For the surjectivity, let tp G if~ 1/2 . Set tp := TR(z)T*tp, then tp G Sf 1/2 , and 

(Mz)<p,v)-i/2,i/2 = iz(v,v) = (d - zi)(s(*)r£(aOr^, fl ), 

where 5 e if 1 with T 5 = r/. Moreover, ft = R(z)T*tp £ ^(z), since (f) - zi)(h, f) = (tp,Tf) for all / £ Jf 1 ^, 
hence h = S(z)Th by Theorem 12 . 2 1 1 (f n)) . and we have 

(A(^)v5,r?)_i/ 2 ,i/2 = zi)(h,g) = (ip,rj) -1/2,1/2, 

i.e., we have shown that A(z)tp — tp and tp = TR(z)T*tp, i.e., that A(z) -1 = TR(z)T*. 
(|u|- (jlii)) are obvious from the representation of A(z) _1 , as well as the norm estimate in (frv|) . 

(pvl) By the previous results, A(z) : dom A(z) — > if is bijective and its inverse A(z) _1 is bounded as map if — > if 
provided z £ a(H). Note that domA(z) = { tp £ if 1 / 2 \ A(z)tp G if}. 

(jvj) The inverse of A(z) is bounded as operator if — > if, hence A(z) is closed. □ 
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2.4 The Neumann-to-Dirichlet operator 



Definition 2.31. We call A(z)~ 1 : — > @ the Neumann-to-Dirichlet operator. 

For a justification of the name, we refer to Proposition 16.81 

Remark 2.32. For a general boundary pair, it is a priori not clear whether A(A) as operator associated with \ z is 
closed also for A £ c(H). If dom A(A) is dense in S^/ 2 , then the closedness can be shown. This is e.g. the case for 
elliptically regular boundary pairs; we will see that l z is a closed and sectorial quadratic form for all z £ C\<t(H u ); 
in particular, A(z) is the associated operator and hence closed (see Section |3~T1 and Theorem 13. 8p . Moreover, the 
domain of A(z) is independent of z in this case. 

Nevertheless, it may happen that l\ is closable, but the closure S^ 2 is strictly larger than J^ 1 / 2 , i.e., there are 
embeddings ( S 1 I 2 e SlJ 2 Sf , and none of the embeddings is surjective (see Example 17. 10p . 

Let us now look at the Neumann-to-Dirichlet operator at different points: 

Proposition 2.33. Let z, w £ C \ a(H), 

i. We have 

A(z)- 1 - Aiw)- 1 = (z- w)TR{w)(TR(z))* 

= (z - w)TR(z)(TR(W))* : & — >&. (2.34) 

it. We have ImAfz)" 1 := ^(A(z)- 1 - A(z)- 1 ) = (Im z)(TR(z))(TR(z))* > 0. In particular, A(z)" 1 is an 
operator-valued Herglotz function. 

Proof. (p) follows immediately from (|2.30l) and the resolvent equation. (JTiJ) is obvious from □ 

Theorem 2.35. The following assertions are equivalent: 

i. A -1 : ( S — > Sf is compact, 

ii. A(z) _1 : 'S — > & is compact for all z £ C \ o~(H), 
Hi. r : — > Sf is compact 

Assume additionally that R is compact. Then any of the above condition is also equivalent with the following: 

iv. For all z £ C \ o-(H D ), there exists a > such that (A(z) + a) -1 is compact, 

v. For all z £ C \ er(-ff D ), the operator A(z) is closed and has purely discrete spectrum. 

Proof. Q =>• dnj&ljmjl: We have the factorisation A -1 = K*K with K — (Fi? 1 / 2 )*. Assume now that A -1 is compact, 
then K is compact, and therefore also V = K{H + 1) 1 / 2 (hence ([ml) is shown). Moreover, (TR)* = R 1 / 2 K: Sf — \ JT 
is compact, too. Now, by (|2.34l) and the resolvent equation, we have 

A(z)- 1 = A" 1 + {TR)(1 + (z + l)R(z))(TR)* 

which shows that A(z) _1 is compact as operator — > <£ for any z £ C \ cr(H). 

© =*> (0) is obvious. (|mj) => Q: The compactness of A -1 follows from A -1 = rr 1 * : Sf — > & (see Theorem ^ .1 II (jlll). 

For the assertions (pvT) and (jvj) we need some material provided in Section 15.11 Introducing the Robin boundary 
conditions allows us to find a parameter a such that z is not in the spectrum of the Neumann operator H a for the 
boundary pair (r,S?) associated with the form t) a (see Section \5A\ for the notation). 

=> fry)) : Let z ^ er(_ff D ). By Proposition 15.31 there exists a > such that z (fc a(H a ). By assumption, A -1 
is compact, hence A^ 1 = (A + a) -1 is also compact. We can now apply © =4> (jnj) for the boundary pair (r, Sf) 
associated with \) a and obtain that A a (z)~ 1 = (A(z) + a) -1 is compact. 

(pv) (0): Set z = -1, then A -1 = (1 + aA _1 )(A + a) -1 and this operator is compact, if (A + a) -1 is. The 
equivalence (jTvj) & (jvj) is a general fact from operator theory. □ 

Remark 2.36. We want to remark that, in general, the compactness of R and A -1 are independent of each other 
as the following examples show: 

i. R and RP non-compact, A -1 compact: The compactness of A -1 does not imply the compactness of R, as 
the following manifold example shows: Let A R+xy be the Laplacian on a half-cylinder X = [0, oo) x Y 
with compact manifold Y (see Section I7.5|) . then R = (A^ xY + 1) _1 and R° are non-compact, while 
A -1 = (A y + l)^ 1 / 2 is compact. 
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3 Boundary pairs with additional properties 



ii. R and R° compact, A -1 non- compact: On the other hand, the compactness of R does not imply the com- 
pactness of A -1 either (see the bounded modification of a boundary pair associated with a compact manifold 
in Example I7.2ip . 

iii. R non-compact, i? D compact, A" 1 compact: There are boundary pairs for which R is non-compact, while RP 
is compact; the associated Dirichlet-to- Neumann operator at z — is a Jacobi operator (see Example 17.91 in 
Section 17731) . If a > 2 in the example then A(0) has purely discrete spectrum and A" 1 < A(0) _1 is compact; 
if a = 2, then A(0) has purely absolutely continuous spectrum [1/4, oo), and hence A(0) _1 is not compact. 

3 Boundary pairs with additional properties 

Let us now describe further properties of boundary pairs described in terms of the Dirichlet solution operator. It 
turns out that these properties allow us to relate the concept of boundary pairs to other concepts such as boundary 
triples (see Section IfJTTj) 

3.1 Elliptically regular boundary pairs 

The Dirichlet solution operator S(z) : Sf 1 / 2 — > ,Jrf? 1 can sometimes be extended to a bounded operator denoted by 
S(z) : Sf — > ,34?, or, equivalently, that the dual operator S(z)* : — > ^ _1 / 2 restricts to a bounded operator 
B(z) : Jt? — > y ' . This property has already be recognised as important in a different context by Brasche et al., see 
Remark 13.71 

The main consequence of these facts is that the sesquilinear form l z associated with the Dirichlet-to-Neumann 
operator is sectorial, and hence, the strong Dirichlet-to-Neumann operator (the operator associated with the form 
\ z ) is closed. Moreover, its domain dom A(z) is independent of z (see Theorem 13. 8p . 

Definition 3.1. Let (r,Sf) be a boundary pair. We say that the boundary pair is elliptically regular if there is a 
constant C > such that ||<5VII^ < C|MI^ for all ip € Sf 1 / 2 . 

Let us first present a simple consequence: 

Proposition 3.2. Let (r,^ 1 ) be a boundary pair and let S(z) be the corresponding weak Dirichlet solution operator. 
If the boundary pair (T, is bounded, then it is elliptically regular. 

Proof. If the boundary pair is bounded, then A is a bounded operator in ^ by Thcorcm l2.11l (|m|) . Moreover, 

\\s<p\\ < 11^11^ = \W\\^ < IIAii 1 / 2 !!^, 

i.e., we can choose C := ||A|| 1//2 . □ 
Remark 3.3. 

i. Not all boundary pairs are elliptically regular, see the unbounded Jacobi operator example in Section 17.31 
or the Zaremba problem in Theorem 17.271 Moreover, not all elliptic boundary pairs are bounded (see the 
manifold examples in Sections 17. 41 - 17.61) . 

ii. The notion "elliptically regular" for boundary pairs is actually inspired by a similar property in one of our 
main examples presented in Section [7.41 

The name "elliptically regular" is also justified by the following fact (see also Section 1575)1 : 

Definition 3.4. We say that the sesquilinear form l z : ^ 1 / 2 x Sf 1 / 2 — > C is elliptic or coercive in Sf if there exist 
a > and lo(z) E M such that 

(Re l z )(ip) + u(z)\\ip\\% > a\\ip\\y 1/2 

for all (p £ ^/ 2 . 

Actually, l z is J-elliptic in the sense of Definition 16.211 with J: < S 1 / 2 <—> & being the embedding map. 
Let us now present some equivalent conditions assuring elliptic regularity, we give some more characterisations 
in Theorem IQltjl)): 

Theorem 3.5. Let (T, S?) be a boundary pair and let S(z) be the corresponding weak Dirichlet solution operator 
for z £ C \ o-(H u ). Then the following conditions are equivalent: 
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3.1 EUiptically regular boundary pairs 



i. The boundary pair is elliptically regular. 

ii. The weak Dirichlet solution operator S(z) extends to a bounded operator S(z): Sf — > J4? for some (any) 
zeC\o~(H d ). 

Hi. There is a constant c > such that \\Th\\<& > c\\h\\jf? for all h £ Jf x . 

iv. The dual S(z)*: rJtf 7 ^ 1 — > < £~ 1 / 2 of the Dirichlet solution operator S(z) restricts to a bounded operator 
Jif -+<S (denoted by B(z) ) for some (any) zeC\ o-{H D ). 

v. The quadratic form q z defined by q z (ip) := \\S(z)ip\\ 2 for associated with a bounded operator Q(z) 
on & for some (any) z £ C \ <r(H u ). 

vi. The imaginary part lval z := ^[(i z — ( z ) of the form l z is associated with a bounded operator on 'S (given by 
ImA(z) := — (lraz)Q(z) ) for some (any) zgC\1. 

vii. The derivative l' x is associated with a bounded operator on & (given by A'(A) := —Q(X)) for some (any) 
A e R\ct(H d ). 

viii. For z € R in a neighbourhood of —1 (resp. for all z £ C\ a(H B )), there exists oj(z) such that ui(— 1) = and 
limsup a _ i ._ 1 is finite, and the sesquilinear form l z is elliptically regular with constants a = 1 and uj(z). 

ix. We have r(domif) C ^ 1 (= domA). 

x. The operator AYR maps J$? into 'S and is bounded as operator J>tf — > Sf . 

Proof. (0) (JTTJ) : By definition, S extends to a bounded operator S: — > Jff. Let now z £ C \ (t(H b ), 
then S(z) = U(z, -l) 1 ^ 1 ^ by Theorem [2T2T1 Q and U(z,-l) 1 "' 1 extends to a bounded operator U(z,-1) = 
1 + (z + l)R D (z) : Jff — > Jf. The assertion (jmj) is just a reformulation of the definition Q for the inverse. The 
equivalences §u§ <4> (JTv]) <^ (jvj) are simple facts from operator theory. For ((vi]), note that Im( z = — (Imz)q z by 
Theorem l2.23l(|viip . hence (JvTJ) is equivalent with (jvj). Similarly, for (jviil) we note that l' A = — qA by Theorem l2.23l (jvj). 
(0 =S> (jvTIi| We have _ 

Re l z (ip) - \(ip) = -Re ((z + l)U{z, -l)S<p,Stp) > -w(z)|M| 2 

for ip £ Sf, where 

oj(z) := ||5|| 2 max{ sup Re ( {z + * )(A + 1} Y o}. (3.6) 

AGcr(// D ) ^ X — Z / J 

Note that the inequality holds by the spectral calculus. Since the real part of the fraction as a function in A £ a(H D ) 
is continuous and has a limit as A — > oo, it attains a maximum C+(z) £ K (and a minimum C_(z) £ R) for 
z £ C\a(H D ). In particular, uj(z) = \\S\\ 2 max{C+(z), 0} < oo. 

If z = a < 0, then C+(a) = —(a + 1) and C_(a) = (a + l)/a. Moreover, uj(a)/(a + 1) = — 1|5|| 2 and the limes 
superior is finite. 

(jviiil) =>■ From Theorem l2.23l (jvj) we know that = — q_i. Moreover, from the assumption, we have — (l a (<p) — 
l(ip)) < w(a)||<^|| 2 for a < near —1 and tp £ Sf 1 / 2 . Therefore, we conclude 

o < wsvt = q-r^) = - 1™ m^m < l imsup . | M | 2 , 

a->-l a + 1 o— >~l a + t 

hence the boundary pair is elliptically regular with C 2 — limsup a ^_ 1 ui(a)/(a + 1). 

(px) =4> (jxjl By assumption, Ar#(Jf ) = ATR(Jf) C Assume that /„ / in and Vn := ATRf n ->• V in 
5? , and the convergence also holds in y- 1 ' 2 . Moreover, ip n = ATRf n -> ATRf in 1 t 2 since Ar_R is bounded 
as operator °-> — > C S^ 1 I 2 . Since limits in C S~ X I 2 are unique, we have ATRf = rp £ <$ . In particular, 
Ari? : JriP — > is closed, hence bounded by the closed graph theorem. 

Ijxjl ^> ([ix]) Since Ar(dom7?) = ATR(J^) C S? by assumption, we have r(domi?) C ^ 1 = domA. 

^ (jxj) We have (Ari?)* = 5: ^ 1/2 — > Jf? 1 , hence 5 1 extends to a bounded operator ^ -> iff Ari? restricts 

to a bounded operator — > 5f . 

□ 

There is another equivalent characterisation of elliptic regularity: 
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3.1 EUiptically regular boundary pairs 



Remark 3.7. The characterisations Theorem 13.51 (jixj) and (jxj) are due to Ben Amor and Brasche [BAB08 (see 
also [BBABlll Thm. 2.7] and the references therein). They showed that elliptic regularity (more precisely, that 
Theorem 13.51 (jixj) and (jxj)) are also equivalent to 

lim a\\R a — R B \\ < oo, 

a— >oo 

where R a = (H a + 1) _1 and where H a is the operator associated with the quadratic form fj a (/) := f)(/) + a l|r/||^ 
for a > 0. We can now interpret the boundary pair (T,&) as been associated with the quadratic form t) a (see 
Section [5ll|. 



Here are some consequences of elliptic regularity: 

Theorem 3.8. Let (r,Sf) be an elliptically regular boundary pair and z £ C\<r(H u ), then the following assertions 
are true: 

i. The norms \\-\\i z and ||-||^i/2 are equivalent, i.e., 

IMI»v> < IMIl :=Re[,foO+w(z)|M& < (L(z)+u(z)\\r\\U )\\v\\% 1/2 , 
where L(z) is defined in (j2.24c[) . 

ii. The form l\ resp. the associated operator A(A) is bounded from below for all A £ R \ o~(H B ). 
Hi. The form \ z is closed and sectorial, i.e., l z (f) - w(z) for all <p £ Sf 1 ' 2 , where 

Ed := {w E C| |argw| < $} (3.9) 

for r) = r) z := arctanL(z). 

iv. The associated operator family (■^(z)) z ^c\a(H' D ) * s self-adjoint, i.e., A(z)* = A(z). In particular, A(z) is 
closed and self-adjoint for z £ R \ cr(iJ D ). Moreover, the domain is dom A(z) = Sf 1 , i.e., independent of z, 
and A(z) considered as operator A(z) 1 ^ : — > 5f is bounded. 

v. The operator A(z) is sectorial, i.e., we have <r(A(z)) C E# — lu(z), i.e., the spectrum of the Dirichlet-to- 
Neumann map is contained in the sector Yi§ — lo(z) for z9 = z9 z . 

vi. The operator A(z) is m-sectorial in the sense of Kato, i.e., 

\\{A(z)-w)- 1 \y m < 



w + uj(z) \ sin(i?o — i9) 

for $o £ (i?, 7r) and w £ C \ (E# D — lo(z)). 

Proof. (0) follows from the ellipticity of \ z shown in Theorem 13.51 (jviiip . (|2.7|l and Theorem 12.231 (pi]) follows 
immediately from (0). (flu]) The closeness of l z on Sf 1 / 2 follows from (|TJ) . Moreover, for 99 £ Sf 1 / 2 \ {0} we have 

|Im < L(z) = 



ReU(v?) +u;( 

using again Theorem 12. 231 In particular, I z (y>) lies in the sector E# — uj(z). 

(jrvj) Note that A(z) is the operator associated with \ z in the sense of sesquilinear forms [Kat66, Thm. VI. 2.1]; in 
particular, A(z) is closed and sectorial, and domA(z) is a form core (i.e., dense in ( ^ 1 / 2 . Moreover, A(z) is the 
(strong) operator associated with \ z , see (|2.26j) 
For 'S 1 = domA(z) we use the equality 

i z {^) ~ tfeVO = -{z + l)(S(z)<p, Sip). 

for (p,ip £ Sf 1 / 2 (see (j2.24b|l ). The inclusion "C" follows from 

||A(*M|= sup M^^IIA^II+IISIIo^oll^llv^ollA 1 / 2 ^, (3.10) 

as <y5 e Sf 1 implies (f £ domA(z). For the inclusion "D" we argue similarly. The boundedness of A as operator 

-> ^ follows also from (j3~TUl) . 
(jvj)— (JviJ) can be deduced similarly as in [MNP10I Sec. 2]. □ 
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3.2 Uniformly positive boundary pairs 



Note that if the boundary pair is not elliptically regular then l z and A(z) are not necessarily closed forms and 
operators, respectively. We need the closeness for the spectral characterisation e.g. in Theorem 14.181 (HI) (in order 
to apply Proposition 14.81) . 

Recall that we denote by B(z) : Jf? — > the adjoint of S(z) : — > Jtf, i.e., the restriction of S(~z)* : Jf^ 1 — > 
Sf -1 / 2 to for an elliptically regular boundary pair. The proof of the following is straightforward from Proposi- 
tion EH!?! and Theorem 12^31 

Proposition 3.11. Assume that (r,Sf) is an elliptically regular boundary pair, and that z,w ^ o~(H u ), then the 
following assertions are true: 

i. We have B(z) — B(w) = (z — w)B(w)R u (z) : — > & and the operator is bounded. 

ii. The map z — ¥ B(z) is holomorphic and the derivatives B^(z) = k\B(z)R D (z) k : — > ^ are bounded. 
Hi. We have A(z) — A(w) — — {z — w)S(z)* S(w) — — (z — w)B(z)B(w)* : — > & and the operator is bounded. 

iv. The derivatives of A(-) are bounded, i.e., 

A^(z) = -k^(z)R D (z) k S(z) = -k\B{z)B D {z) k B{z)* : JT — > &; 
in particular, A'(z) = —S(z)*S(z) = —B(z)B(z)* . 

v. The imaginary part ImA(z) = — (Im z)S(z)*S(z) = —(lmz)B(z)B(z)* is bounded and non-positive for Im z > 
0. 

3.2 Uniformly positive boundary pairs 

We have a sort of "inverse" notion of elliptic regularity, namely, that the norm of the Dirichlet solution operator is 
bounded from below: 

Definition 3.12. We say that the boundary pair (r,^) is (uniformly) positive, if there is a constant c > such 
that 

\\s<p\\m> > c\\ip\y 

for all if G Sf 1/2 . 

Remark 3.13. Not all boundary pairs are uniformly positive: a counterexample is given by the manifold model 
of Section ITU 

For the positivity of a boundary pair, we have the following equivalent characterisations: 

Theorem 3.14. Let (r,^) be a boundary pair and let S(z) be the corresponding weak Dirichlet solution operator. 
Then the following conditions are equivalent: 

i. The boundary pair is uniformly positive. 

ii. For some (any) z G C \ <r(iJ D ), there exists c(z) > such that 

\\s(z)<p\\j? > c(z)\\<p\y 

for all ip G Sf 1/2 . 

Hi. For some (any) z G C\fr(_ff D ) 7 the operatorT: ,yV 1 (z) — > Sf 1 / 2 extends to a bounded operatorT: jV°(z) — 5- 
, where .jY^iz) := jV x (z) denotes the closure of the solution space in the Jif-norm. 

iv. For some (any) z £ C \ a(H I) ), there exists c(z) > such that the adjoint fulfils 

\\s(z)*f\y>c(z)\\f\u 

for all f G JT. 

v. The quadratic form q z given by q z (^>) := HS^z)^!!, is uniformly positive for some (any) z G C\ cr(H B ) and 
closable. We denote the operator associated with the closure of q z by Q(z). 

vi. The negative imaginary part — Im l z := —n[(tz — [*) is uniformly positive for some (any) z G C with Imz > 0. 
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4 Krein 's resolvent formula and spectral relations 



vii. The form-valued function z — > — \ z is a uniformly positive Herglotz function. 

viii. We have ^ <r(Im A(z)) for some (any) z € C \ 

ix. The negative derivative — l' x is a uniformly positive form for some (any) A € K \ o-(H u ). 
Proof. The proof is very much the same as the one of Theorem 13.51 For example for (JTiJ) =>■ (jvj) we have 

c(z) 2 M 2 < \\S(z)<p\\ 2 = q 2 (^) < ||^)<^||f < C l {z,-l)\\y\\\ /2 . 

In particular, the form q 2 is uniformly positive and the closure Sf z of Sf 1 / 2 with respect to the norm \J q z (-) lies in 
between 'S and J^ 1 / 2 . In particular, the form q 2 is closable. □ 

4 Krein's resolvent formula and spectral relations 

In this section we present some of our main results: a Krein-type resolvent formula (Theorem I4.4|) and spectral 
relations between the Neumann operator and the family of Dirichlet-to-Neumann operators (Theorems l4.9l and l4.18l) . 

4.1 Krein's resolvent formula for boundary pairs 

We first need some technical preparation. Denote by ir z : Jff' 1 — > J/ff 1 ' the canonical map associating with 
/ = wi/i€J' 1 = JT 1 ' + jY\z) the component w € J? 1 '™ (see (I2.16a|) 1 and tt* its dual. We denote by H, H B 
and A(z) the operators H, H D and A(z) extended to Jf 1 JT" 1 , Jf^ D Jf- 1 * 13 , Sf 1 -> respectively. The 

natural inclusion i — i^d^i : J^ 1 ' 13 J^ 1 is an isometry and induces a surjective operator i* : Jf^ 1 — > Jf -1,0 . 
Note that £f: Jf 1 ' — > C is defined by (i*f)(g) = f(ig) for fe Jf" 1 and g € 1,D . If / € is embedded in 
Jf- 1 via /= (/,•), then 

(**/)(<?) = </^> = </,<7> =/(<?), (4-1) 

i.e., l* restricted to Jff can be considered as the identity on Jt?. 

We have now the following relation between the operators H and 7J D and their resolvents extended to the scale 
of Hilbert spaces. 

Lemma 4.2. Let z G C \ (<j(-ff D ) U o~(H), then we have the following identities: 
i. l*(H -z)l = H b -z: M? 1 * 3 — ► Jf - 1 ^, 
it. l*(H -z) = (H D - z)ir z : J? 1 — > Jf- 1 - , 
Hi. R d (z)l* = n z R{z) : - 1 — > M' 1 ^, 

iv. ltt z — lR d (z)l* (H — z) : Jff 1 — > Jff 1 is the projection onto J^ 1 ' with kernel ^4 /1 (z), Moreover, the comple- 
mentary projection is given by id—Liz z — P{z){— S(z)T). 

v. P(z)R(z) = R(z)P(z)* : M"~ x — > J? 1 . 

Proof. Q The first assertion follows immediately from 

((H D - z)f,g)- 1>1J3 = (f) D - zi)(f,g) = (f) - zi)(if,cg) = (l*(H - z)if,g)^ 

:or/.//- // in . 

(Jn]) Let / € ^ 1,D and g € J^ 1 . Then g — w + h, w = ir z g according to the decomposition (|2.16ap and 

(t*(H - z)g, /}_!,! = (f) - 2i)(.g, /) = (()- zi)(w, /) = ((tf D - z)ir z9l f) lt _ u 

since (f) - zi)(h, /) = for / G ^ D . 

(|m)) follows by multiplying with the resolvents. 

For ([Iv]). note that (id— i7r 2 )<? = h = P{z)g (cf. Proposition 12.151 (|n)) and Theorem 12.211 ((1)0. The remaining 
assertions of ([Iv]) and (jvj) follow from (JTiJ) and an easy calculation. □ 

We have another representation of the Dirichlet solution operator: 

9 We denote by ImA(z) the operator associated with the closure of the non-positive form \ml z (ip) = — (Im z)q z (ip). Note that q z is 
closable. Such functions — A(-) are called uniformly strict Nevanlinna or Herglotz functions in [DHMdS06[ p. 5354], 
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4.2 Spectral relations for the Dirichlet-to-Neumann operator 



Proposition 4.3. Let z 6 C \ <r(H B ) and g £ Jf 1 , then h := g — FP{z)l*{H — z)g depends only on tp := Tg and 
not on g £ 3V X itself. Moreover, h £ j¥ (z). Therefore, the Dirichlet solution operator can be expressed as 

S(z) = (idjri -lR d (z)l*(H - z))S: Sf 1/2 — ► 3f x . 

Proof. We have 

(t) - zx){h, /) = (1) - zi)(g, f) - (l*(H - z)lR I} (z)l*(H - z)g, f) x _ x = 

for all / £ 3f 1 ' D using Lemma l4T2l(f u)). In particular, we have shown that h £ ^4 /1 (z). If follows from the uniqueness 
of the Dirichlet problem that h = S(z)ip depends only on tp. □ 

We have now prepared all ingredients in order to prove one of the main theorems for boundary pairs, a weak 
version of the so-called Krein's resolvent formula. This formula allows us to detect the Neumann spectrum as the 
"zeros" (Theorems 14.91 and 14. 18)) of the Dirichlet-to-Neumann operator. 

Theorem 4.4. Assume that (I\ £f) is a boundary pair associated with the quadratic form f) and that z £ C \ 
(o-{H D )Ua(H)), then 

R(z) - lR d (z)l* = P(z)R(z) = S(z)A(z)- 1 S(z)* : 3?- 1 — > 3t x , (4.5) 

Proof. We have 

R(z) - lR d (z)l* = (id-Lir z )R(z) = P(z)R(z) = P(z) 2 R(z) = P(z)R(z)P(z)* = S (z)T R(z)T* S (z)* 
using Lemma l4~2l Finally, in Theorem 12.291 we showed that 

TR{z)T* =A(z)- 1 

as an operator Sf -1 / 2 — > Sf 1 ' 2 , and the resolvent formula follows. □ 

Corollary 4.6. Assume that (T,^) is a boundary pair associated with the quadratic form f) and that z £ C\ 
(o-(H D )Ua(H)), then 



R(z) - R°{z) = S{z)l{z)- l S{t)* : 3T ^ ^"V 2 — > Sf*/2 ^ jf. ( 4 .7a) 

J/ m addition, the boundary pair is elliptically regular, then the operator on the RHS can be considered as sequence 
of bounded operators 

R(z) - R D (z) = S(z)A{z)- 1 S(z)* :Jf S ^y A ^ &^3f, (4.7b) 
i.e., these operators do not leave the original Hilbert spaces S? and Jff. 

4.2 Spectral relations for the Dirichlet-to-Neumann operator 

The following is a useful criterion for the spectrum of an operator in terms of its associated (sesquilinear) form. 

Assume that 3if 1 c 3f is a Hilbert space such that the embedding i : 3f x «-> 3f is bounded and 3f 1 is dense in 
3f . Denote by the dual of 3V 1 with respect to the pairing given by the inner product in 3t ', i.e., the space 

of antilinear and bounded functionals u : 3f x — > C. We embed 3f by u i-> (u, •) . 

Let t: 34? 1 x 3if 1 — > C be a bounded sesquilinear form, and denote by T: 31C 1 — > 3^^ Y the weak operator 
associated with the form t, i.e., (Tip)ip = t(ip,ip). Denote by T the (strong) operator associated with t, defined by 

domT := { / £ 3? 1 \ 3g £ 3f ' Vu £ 3? 1 : t(f, u) = (g, u)}, Tf := g 

(Tf is well-defined since 3f 1 is dense in 3t). Clearly, domT = { / £ 1 | ff £ 3V } and ff = Tf if / £ domT. 

If t is bounded from below (i.e., there exists A £ M such that t(/) > Ao||/||5^ for all / £ 3f 1 ) and a closed form 
(i.e., the norm given by ||/|| 2 lct := (t + (1 — A )i)(/) is equivalent with the norm on the Hilbert space 3f 1 ), then 
T is the operator associated with t and in particular self-adjoint and bounded from below. 

Proposition 4.8. Assume that t is closed and bounded from below, then A £ o~(T) iff there exists {f n } n C 3$? 1 , 
\\fn\\j4?-i = 1 (or >1), such that 

WfT \\f II i(t~ Al)(/»,ff)l 

|| (J -A)/„||^-i = SUp r— J, >0. 

geje 1 \\9Wje 1 
We call the sequence {f n }n a weak spectral approaching sequence. 
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4.2 Spectral relations for the Dirichlet-to-Neumann operator 



Proof. Without loss of generality, we can assume that t > (otherwise consider the form t — Aoi > 0) and that 
ll/H3e* = ll/HSr + t(/) = \\{T + l) 1/2 f\\ 2 (and ^therefore Wff^ = \\(T + l)" 1 / 2 /!! 2 if / e JT. We^use the 
characterisation that A G f(T) iff there exists {f n }n C domT, ||/„|| = 1 (or > 1), such that ||(T— A)/„|| — > 0. 
Moreover, we have the equality 

II (T- A)/|| = sup KiZ_^M = sup K(T-A)(r + i)-vv,(r + i)v ag )| 
\\g\\j4? ga.m llsll^r 

- mm l(t-Al)(/n,g)| 

— P II II ' 

where f — (T + 1) 1/2 / € 1 (and / G domT) and g = (T + l)" 1/2 g G JT 1 . Moreover, we used the fact that 
(T + 1) ±:L commutes with T — A for the last equality. Note additionally that ||/||jr = II/IIjT- 1 ' The claimed 
equivalence now follows with /„ = (T + l) 1/2 /„. □ 

We can now prove some important consequences of Krein's resolvent formula, namely the following spectral 
relation: 

Theorem 4.9. Assume that (I\5f) is a boundary pair associated with the quadratic form f) and let A G C\ er(-ff D ). 
Tften i/ie following assertions are true: 

i. The Dirichlet solution operator S(X) is a topological isomorphism from ker A(A) onto ker(iJ — A) with inverse 
r i. e. 

ker(H-X) = 5(A) ker A(A). (4.10a) 
In particular, we have the spectral relation 

\eo- p {H) G er p (A(A)). (4.10b) 

for the point spectrum (the set of eigenvalues). Moreover, the multiplicity of an eigenspace is preserved. 

ii. Assume that R: ffl — > Jff and T: Jff 1 — > £f are compact operators, then the spectra of H, H u and A(A) 
are purely discrete. Moreover, the spectral relation (|4.10b[) is true for the discrete (hence the entire) spectrum, 
i.e., (|4.10bl) holds with <7 P (-) replaced by <7disc(") or a(-) (the entire spectrum). 

Hi. Assume that A is isolated in o~(H), then 

HA^r 1 !^, < p^-r (4.10c) 

\Z - A| 

for all z ^ A in some neighbourhood of X, where C x > is a constant depending only on ||r|| i— ^ an d 
Proof. Let ip G ker A(A) and h := S(X)ip, then 

(l)-)a)(h,g) = lx(<p,Tg)=0 

for g G Jff 1 by the definition of i x in (j2.24a|> . hence h G domT/ and (H - X)h = 0. 

On the other hand, if h G ker(H — A) then it is easily seen that h G jV 1 {X). Set ip := Th, then h = S(X)<p and a 
similar calculation as above shows that ip G domA(A) and A(X)ip = 0. 

The spectral equivalence (|4.10b[) for the point spectrum is obvious from (|4.10al) . as well as the preserved multi- 
plicity. 

((HI) It follows from Theorem 12.351 that the spectrum of A(A) is discrete (see also Proposition 15.21 (jvll) for the 
discreteness of a(H B )). The spectral relation is then a consequence of part 

(p5| If A is isolated in a(H), then there exists r\ > such that, for all z G C with < \z — A| < r\, the resolvent 
R{z) has a first order pole at A, i.e., 

R(z) = -^—1 {X} (H) + R x (z), 

A — Z 

where R Z (H) is the resolvent of H tker(iJ-A)- 1 -- By Theorem 12.291 we have 

A(z)- 1 = TR(z)T* = -!—ri {x} (H)r* + TR x (z)T* (4.11) 

A — Z 
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as operator in <S ' . In particular, A(z) has a first order pole at z = A and 

|| (A - z)A(z)-i\\ < \\r\\lJl + \X-z\ sup 1^±1[) =: C A (z) 

Note that C\(z) < oo since A is isolated in a(H) and since the supremum equals the constant C D (z, —1) defined 
in (I2.20al) with the operator H B replaced by H Ikerfif-AV Since z —> C\{z) is continuous, C\ := supCa({z £ 

C||2-A| <n}) <oo. ' □ 

Before proving further spectral relations for elliptically regular boundary pairs, we need some results on operator 
pencils on Sf, which we define here in the form we need it (see e.g. jTrOO| IEL04] and references therein): 

Definition 4.12. Let D C C be open with D = D. We say that T(-) = {T(z)} ze £> is a holomorphic self-adjoint 
operator pencil if T(z)* — T(z) and z i— > T{z) — T(zq) is holomorphic with values in the set of bounded operators 
on Sf for some z € D. 

The spectrum ofT(-) is given by 

cr(T(-)) :={zeC| T(z) is not invertible}. 
We say that A is an eigenvalue of T(-) (shortly A 6 a p (T(-))) if T(A) is not injective. 
Fix A £ D n M. It follows that 

T(z) = A Q -(z- X)A t -(z- X) 2 A 2 (z), 

where Aq — T(A) is self-adjoint (and possibly unbounded), where A\ — — T'(A) is self-adjoint and bounded and 
where z H >• Ai(z) is holomorphic with values in the bounded operators on §f. Then it is obvious that A € cr p (T(-)) 
iff A e CTp(Ao), but it is not clear whether A £ a(T(-)) iff A £ cr(A ) or whether A is isolated in <r(T(-)) iff A is 
isolated in o~(Aq). For the latter assertion, we need more assumptions: 

Proposition 4.13. Assume that T(-) is a holomorphic self-adjoint operator pencil on D and that AeDfll. 

i. Assume that the operator pencil has the form T{z) := Aq — (z — X)A\, where A% is (bounded and) uniformly 
positive (i.e., there are < c < C < oo such that c||cp|| 2 < (Aitp,tp) < C\\(p\\ 2 ). Then 

A is isolated in o~(T(-)) is isolated in o~(Aq) 

ii. Assume now that A\ := — T'(A) is (bounded and) uniformly positive. Then the following assertions are 
equivalent: 

a) A is isolated in a(T(-)) and 

T(z)- 1 = -^Ta(s) + f x (z), (4.14) 
z — A 

where T\(-) and T\{-) are holomorphic (bounded) operator functions near z = A; 

b) is isolated in a(Ao). 

Proof. Without loss of generality, we can assume that A = 0; otherwise, consider T(z) :— T(z + A). 
© Note first that kerT(O) = ker Aq, hence £ cr p (T(-)) iff £ a p (A ). Moreover, we have 

T(z) = A - zA x = A{ /2 (A- 1/2 A Q A- 1/2 - z)A\ /2 . (4.15) 

„ ^ j '2 1/2 1/2 1/2 

Now, T(z) is invertible iff A 1 AqA 1 — z is invertible, and is isolated in cr(A 1 AqA 1 ) iff is isolated in 
a(A ) (see e.g. [BGP08I Lem 3.1]). 
(IIia1l^(l!ib1l: We have 



S(z) := T(z)-\A - zAx) = T(z)- 1 (T(z) + z 2 A 2 {z)) = id w +z 2 T(z)- 1 A 2 (z). 
Using (|4.14[) we have 

z 2 T(z)- 1 A 2 (z) = (zTo(z) + z 2 %(z))A 2 {z) 

and this operator family is bounded near z — (including z = 0). In particular, if \z\ is small enough, then S(z) 
is invertible, hence Ao — zA\ = T(z)S(z) is invertible, too. Therefore, we have shown that is isolated in the 
spectrum of the operator pencil z i— > Ao — zAy. Using (JxJ) , it follows that £ <t(Aq) is isolated. 
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(|iib[) => (|iiap : Let G <t(Aq) be isolated then is isolated in the spectrum of z •<- > Aq — zA\, again by Using (|4. 15)) 
we have 

(A - zA 1 )- 1 = A- 1/2 (B - z)-^- 1 ' 2 = A- 1/2 (--l {0} (B) + B^A^ 2 

where B := A 1 1 ^ 2 AqA 1 and where Bg is the restriction of B onto keri?^. In particular, we have a representation 
of the inverse as in (|4.14D . and we can then argue similarly as in (|iia p =>(|iib p . □ 

Remark 4.16. 

i. The non-trivial assertion in Proposition ^. 13l is the fact that A and are isolated in the spectra, i.e., that T(z) 
and Aq — z are invertible for all z A near A. 

ii. In our application, the operator pencil will be A(-). If we assume that the boundary pair is elliptically 
regular, then A(-) is a holomorphic self-adjoint operator pencil on D = C \ <j(H u ) as in Definition 14.121 since 
A(z)* = A(I) (Theorem^ and 

A(z) = A(A) - (z - X)S(X)*S(z) 

= A(A) - (z - X)S(X)*(S(X) + (z- X)R B (z)S{X)) 

= A(A) -(z- A)Q(A) -(z- A) 2 A 2 , A (z), A 2 , x (z) := S (X)* R D (z)S (X) 

by Theorem 12.211 and Proposition 13.111 where Ao — A(A) and A\ = QrX). Moreover, z — > A2,\(z) is 
holomorphic and ||yl2,A(^)|| < \\S {X)\\ 2 /d(z, a(H B )). In particular, A(z) — A(A) is a bounded operator. 

The boundedness of A\ means that the boundary pair is elliptically regular and the uniform positivity of A\ 
means that the boundary pair is uniformly positive. 

iii. We would like to weaken the assumptions on A\, but the counterexample given in Example 14.171 shows that 
this is not always possible (e.g. assuming that A\ is bounded and injective, but not uniformly positive). 
This means that it is not enough for the application of Proposition 14. 13l that the boundary pair is elliptically 
regular, but not uniformly positive (as one of our main examples, a Laplacian on a manifold with smooth 
boundary, is). Nevertheless, we are not aware of a boundary pair such that for A = A(A) and A\ = Q(X), 
the assertion of Proposition H. 131 is false for a bounded, injective, but not uniformly positive A%. 

The author is indebted to Michael Strauss for the following example: 

Example 4.17. We give here a counterexample for "-4=" in Proposition 14. 131 ((if violating the uniform positivity of 
A x . Let T(z) := A - zA\ with A = A„ and A\ = A* > specified below: 

Let be an isolated eigenvalue of Aq of infinite multiplicity in the essential spectrum of Aq. Denote by (ip n ) n an 
orthonormal basis of the eigenspace ker Aq. Set 

A x := 1 R \ {0} (A ) + ^ -(<Pn, -)<Pn 
n 

then Ax is bounded, non-negative and injective (but not uniformly positive). Moreover, T{z)ip n — —(z/n)<p n , hence 
—z/n 6 cr(T(-)) and ||T(z)(/9 n || — » showing that T(z) does not have a bounded inverse for any z G C. In particular, 
€ <t(T(-)), but is not isolated. 

If we assume elliptic regularity for the boundary pair then we can conclude the following spectral relations: 

Theorem 4.18. Assume that (I\ Sf) is an elliptically regular boundary pair associated with the quadratic form f) 
and let X G C \ a(H T> ). Then the following assertions are true: 

i. The spectral relation 

X G a(H) <^ G <r(A(A)). (4.19a) 

holds for the entire spectrum. 

ii. Assume that T : Jt? 1 — > & is a compact operator (see Theorem \2.35\ for equivalent characterisations) then 
a ess (H) — a css (H B ), and a(H)\o-(H B ) consists of discrete eigenvalues of H , only. In particular, if X <r(_ff D ), 
then the relation (|4.19a[) is true for the discrete spectrum, i.e., with er(-) replaced by <7<}isc(')- 
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Hi. An eigenvalue X is isolated in the spectrum of H iff X is isolated in the spectrum of the operator pencil A(-), 
i.e., 

X is isolated in o~(H) X is isolated in tr(A(-)). 

If one of the conditions is fulfilled, then the estimate (|4.10c[) holds, 
iv. Assume additionally, that the boundary pair is uniformly positive, then 

X is isolated in <r(H) <^ is isolated in <r(A(A)) 

(i.e., isolated in the spectrum of the individual operator A(A)J. In particular, the spectral relation (|4.19a[) is 
also true for the discrete and essential spectrum, i.e., with ct(-) replaced by crdisc(') resp. cr oss (-). 

Proof. "=>": Note first that the elliptic regularity of the boundary pair implies that the quadratic form i\ is 
bounded from below and closed with domain <£ x l 2 (Theorem 13. 8p . hence we can apply Proposition 14.81 here. 

Let A £ c(H), let {/„}„ be a weak spectral approaching sequence, and set ip n ■= Tf n . We have to show that 
||A(A)y T t||_i/2 — > as n — > oo and that ||y n ||— 1/2 > 1- Now 

l|A(A)^ n ||_ 1/2 = ||S(A)*r*A(A)r/„||_ 1/2 = \\S(X)*(H - A)/ n ||_ 1/2 

< \\S(X)\\ 1/2 ^ 1 \\(H-X)f n \\^ 1 ^0 
using T*A(A)r = (H - X)P(X) = P(X)*(H - A) and P(X)S(X) = 5(A) by Lemma O Moreover, 

ll^nll-l/2 = (A^ n , Vn)-l/2,l/2 = AT/„, f n )-l,l = (Rfn, fn) -1,1 = ll/n||-l 

using (1230)1 . 

"-4=": We argue by contraposition. Assume that A ^ &(H), then A(A) _1 = Li?(A)L* exists and is bounded as 
operator £f — > & by Theorem 12.291 (fry)) . In particular, A(A) has a bounded inverse, hence ^ <r(A(A)). 
(Hi]) By Theorem 12.351 A -1 is compact, and by (|4.7b[) and the elliptic regularity, it follows that the resolvent 
difference R — R D is compact, too. In particular, the essential spectra agree. The spectral relation follows from 
Theorem 14.91 (fi|). since the spectrum now consists of eigenvalues of finite multiplicity only. 
(full) That A is an eigenvalue of o-(H) iff ker A(A) is nontrivial follows already by Theorem 14.91 (|Ij). 

If A is isolated in a(H), then A(z) -1 exists and is bounded by Theorem [2.291 (jrv)) for z e C \ o-(H D ) with 
< \z — A | small enough, i.e., A is isolated in a(A(-)). 

"<=" Using Krein's resolvent formula (|4.7bl) . we conclude that R(z) is defined for z with < \z — X\ small enough, 
and also has a pole at z = A, hence A € cr(H) is isolated. 

(pv)) is a consequence of (jm]) and Proposition 14. 131 (IHI) . For the representation (|4.14[) we refer to (|4.11[) . □ 
Remark 4.20. 

i. Note that the spectral characterisations of Theorems 14.91 and 14.181 are void if o-(H) = cr(iJ D ) = [0,oo) as 
in the example of a non-compact cylindrical manifold in Section 17.51 In this case, the Dirichlet-to-Neumann 
operator is not defined for A £ [0, oo). 

ii. The elliptic regularity condition for the spectral equivalence Q is needed for the implication "=4>" in order 
to assure that the form l\ is semi-bounded and closed on J^ 1 / 2 , and that A(A) is the associated operator, see 
Theorem 13.81 For the opposite implication it is enough to assume that A(A) is closed. 

We give a counterexample for this spectral equivalence (a boundary pair which is not elliptically regular) in 
ExampleOHl where G a(H) but i <r(A(0)). 

iii. Without the elliptic regularity assumption, the conclusion of Theorem 14.181 (Jn|) is generally false: From 
Krein's resolvent formula (|4.7al) the compactness of A -1 does not in general imply that R — R° is compact: 
In Example 17.91 we have a non-elliptically regular boundary pair for which i? D is compact, but R is not, even 
though A" 1 can be compact. 

iv. The implication "0 € <t(A(A)) isolated =>■ A e c(i?) isolated" in Theorem 14.181 (pv)l is generally false: if e.g. 
the boundary pair is only uniformly positive, but not elliptically regular. In Example 17. Ill we give an example 
where G er(A(0)) is isolated, while € o-(H) — [0,oo) is not. 
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5 Boundary pairs constructed from other boundary pairs 



v. For bounded and uniformly positive boundary pairs (hence for ordinary boundary triples, see Theorem 16. 111) , 
there is also a characterisation for the absolutely and singular continuous spectrum (see BGP08]) if the 
Dirichlet-to-Neumann operator has the special form 

A — m(z) 

AW = — r\ ' 

n(z) 

where A is a bounded, self-adjoint operator on Sf and where m,n are functions holomorphic on C \ cr(H B ). 
We believe that this assertion remains true for elliptically regular and uniformly positive boundary pairs, but 
where A may be unbounded. We hope to come back to the analysis of the absolutely continuous spectrum in 
a forthcoming publication. 



5 Boundary pairs constructed from other boundary pairs 

In this section, we give classes of of boundary pairs constructed from others like Robin-type perturbations (where 
we change the quadratic form with which the boundary pair is associated) , coupled boundary pairs or the bounded 
modification of an unbounded boundary pair (where we change the boundary space). 

5.1 Robin boundary conditions 

We start explaining how to use our concept of boundary pairs also for more general "boundary conditions" than 
Dirichlet or Neumann. The basic idea is to change the underlying quadratic form (), but leave the boundary pair 
(r,Sf) as it is. For simplicity, we consider only constants a and no operators on Sf, here. 
Let (r,Sf) be a boundary pair associated with a quadratic form f). For a > 0, we define 

f)a(/) :=()(/) +a||r/||^. (5.1) 

Since 

(f) + !)(/) < (ha + !)(/) < (1 + a||r|| 2 )(f, + !)(/), 

the norms associated with f) and f) a (see l\2.2\i ) are equivalent, and f) a is also a closed quadratic form. We will now 
derive the objects arising from the boundary pair associated with f) a , denoted with a subscript (-) a : 

Proposition 5.2. 

i. The Dirichlet operator is unchanged, i.e., ^^ 1,D = J^ 1,D = kerT and = H B . 

ii. The Neumann operator H a has domain 

domHa = { f e W | r'/ + aTf = } 

(see Section \6. 1\ for the notation). 

Hi. The range of the boundary map is unchanged, as well as the Dirichlet solution operator; i.e., ^a^ 2 = S^ 1 / 2 = 
ranT and S a (z) = S(z). 

iv. The Dirichlet-to-Neumann form I Zj(1 for the boundary pair associated with f) a is given by 

[z,a(<fi) — ^z(f) + aWfW 2 ? 0T , "in operator form, A a (z) = A(z) + a. 

v. The boundary pair associated with f) a is elliptically regular /uniformly positive iff the boundary pair associated 
with f) is. 

vi. We have R > R a > i? D . In particular, if R : Jf — > is compact, then R a : Jtf — >■ Jif and i? D : J%? — > 
are also compact, and the eigenvalues fulfil 

X k {H) < X k {H a ) < X k (H u ) 

(labelled in increasing order respecting their multiplicity) . 
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5.2 Coupled boundary pairs 



Proof. We only indicate some of the arguments here: For the domain inclusion "c" of ([n} note that / <E domH a 
implies that there is h £ Jtf such that 

t)(f,g)+a(rf,Tg) =(h,g) 

for all g £ Jff 1 . If we assume g £ dom£f mm = domi? D n domH in the last equation, then the boundary term 
vanishes and ()(/,<?) = (f,Hg), hence / £ domff max and iJ max J — h. Moreover, the defining equation for W Q ' max 
in (|6.5p is fulfilled (again, for g £ 1,D , the boundary term vanishes). Finally, comparing the above formula with 
Green's formula (|6.7I) . we see that T'f = —aTf, and hence T'f £ 'S . Therefore, we have shown that / £ W 
(see (EU)). 

(jvT| For the last assertion note that (0 <)f) < f) a < f) D in the sense of quadratic forms (cf. e.g. jDav95[ Sec. 4.4]). 
Therefore, R> R a > i? D (> 0), i.e., R a and R° are also compact. □ 

The following proposition is useful when proving statements for A inside the Neumann spectrum H saying that 
one can always find an a > such that A is not in the spectrum of H a , even if A £ o~(H), provided all spectra are 
purely discrete. 

Proposition 5.3. Let (T,^f) be a boundary pair and A £ [0,oo). Assume in addition that R is compact. If 
A ^ cr(iJ D ) then there exists ao > such that A ^ o~(H a ) for all a > ao. 

Proof. The operator 

a^tr 1 ' 2 ■.M'^.ye^r ^ # 

is bounded and i? 1 / 2 is compact as operator in , since R is compact. In particular, A 1 / 2 TR = A 1 / 2 TR 1 / 2 R 1 / 2 : - 

is compact. By [BBAB11, Thm. 2.6], we have ||i? a — i? D || — > as a — > oo, i.e., H a converges in norm resolvent 
sense to H D . This implies in particular, that if A ^ a(H D ), then there exists ao > such that A ^ cr(H a ) for all 
a > a (see e.g. [R5801 Thm VIII.23]). □ 

5.2 Coupled boundary pairs 

Assume that (r^,^) is a boundary pair associated with \)i (domf)i = J^ 1 ) in the Hilbert space ,3^1 for i = 1,2. 
Note that the boundary space is the same for both boundary pairs. We assume additionally that 

<£ 1/2 := ranTi n ranr 2 is dense in (5.4) 

We set J4? := M{ © and Jf^ dcc := 3#£ @3#£. It follows easily from the boundedness of V, : — > & that 

J? 1 := { f £ Jf^ dcc | T 1 f 1 = r 2 / 2 } (5.5) 

is a closed subspace of Jff 1 ' dec : and I) := (f)i © f) 2 ) \ is a non-negative, closed form in Jt with associated operator 
H. We call f) the coupled form obtained from t)i and f) 2 . 
Set 

T:je l ^<g, Tf :=ri/i=r 2 / 2 . 

Proposition 5.6. Assume £/ia£ (r^,^) are boundary pairs for i = 1,2 suc/i £/ia£ (|5.4p holds. Then the following 
assertions are true: 

i. The pair (T, is a boundary pair associated with the coupled quadratic form rj, called the (Neumann-)coupled 
boundary pair. 

it. The Dirichlet operator associated with the coupled boundary pair is decoupled, i.e., _ff D = Hf © H§ , while the 
Neumann operator (the operator associated with t)) is (in general) coupled. Moreover, the (weak) Dirichlet 
solution operator and the Dirichlet-to- Neumann operator of the coupled boundary pair are given by 

S(z)ip = Si(z)ip © S2(z)<p and A(z)<p = Ai(z)<p + A 2 (z)ip 

for if £ Sf 1 / 2 = ranT, where z£<C\ a(H B ) = C \ (<r(H?) U a{H$)). 

Hi. We have 

:= ll^ll^ri = \\SM\%>i + \\S 2 (p\\ 2 ^i > 

i.e., the embedding ^/^ 2 ^4- 'S 1 ! 2 = ranT is bounded for i — 1,2. If in addition ranTi = ranT 2 , then the 
embedding is surjective, and the norms on 'S 1 ! 2 , < S^ 2 and Sf 2 ^ 2 are mutually equivalent. 
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5.3 Direct sum of boundary pairs 



iv. If the boundary pairs (Ti,if) are elliptically regular (uniformly positive), then the coupled boundary pair (T, §f) 
is elliptically regular (uniformly positive). 

v. Krein's resolvent formula in this context reads as 

R{z) = Lift? {z)i\ © l 2 B%(z))i* 2 + S(z)A(z)- 1 S(z)* : Jf' 1 — -> Jf 1 (5.7) 

(with Rf{ z ) = {Hj* ~ z)^ 1 : Jf? 1,D — > J#f~ :Y> and : ^^ 1,d ^J 1 ^ i.e., £/ie resolvent of the coupled 
operator can be expressed by operators of the individual boundary pairs only, namely, the direct sum of the 
Dirichlet resolvents and a coupling term. 

Proof. (0 The boundedness of T is obvious, as well as the density of 

Jf 1 ^ := kerT = kerTi © kerr 2 = Jf^ D © Jif 2 1D . 

Moreover, ranT = ^' 1 ' 2 is dense in 'S by assumption (|5.4[) . 

(|nf That H D is decoupled is obvious, as well as the formula for the coupled Dirichlet solution operator. The 
corresponding Neumann operator is (in general) coupled (i.e., not a direct sum of the individual Neumann operators) 
For the coupled Dirichlet-to-Neumann operator, note that 

(A(zV>) = ((, - zi)(S(z),g) = (fu - zi)(5i(z) lfl i) + (f)i - zi)(S 1 (z),g 2 ) = (h{z)<P,il>) + (h(z)f,i>) 

for tp e & 1/2 and any g = g 1 © ,g 2 € 1 with Fg = ijj (see (I2.24ap and Definition |2~2"5]) . 

(fiTT|) The equivalence of the norms follows from the open mapping theorem (a bounded bijective operator has also 
a bounded inverse). 

(|rv|) The last assertion is also obvious, using Definitions 13. II and 13.121 We have e.g. 

ll^HSr - Wsm 2 ^ + \\SM\ 2 ^ < {Cx + C 2 )|M|| 

if Ci, C 2 are the constants in the estimate of Definition 13.11 for the individual boundary pairs. □ 

In many applications, the RHS of Krein's resolvent formula (|5.7[) in the coupled case can be calculated explicitly, 
hence we have a formula for the resolvent of the coupled operator (see Remark 17.191 for an example) . 

There is another way of coupling two boundary pairs: Let fj dec = f)i © F) 2 . As boundary operator, we define here 

ff := TiA - T 2 / 2 . 

It is again easily seen that (I\Sf) is a boundary pair associated with f) dcc . Then the associated Neumann operator 
is H = H% © _ff 2 , hence decoupled. Moreover, kerT equals Jf 1 defined in (15.5[) . and the Dirichlet operator H D 
associated with this boundary pair is the coupled operator. We call this boundary pair the Dirichlet- coupled 
boundary pair, since the Dirichlet operator is coupled here. 

It is now straightforward to calculate the associated Dirichlet solution operators and the Neumann-to-Dirichlet 
operator of the coupled boundary pair as 

^ = 5i(A 1 +A 2 )- 1 A 2 (pffi5 2 (A 1 +A 2 )- 1 A 1 ^ and A(*)~V = h (*)~V + A 2 («)~V (5.8) 

for ^G^ 1 / 2 =Sf 1 1/2 +^ 2 1/2 . 

5.3 Direct sum of boundary pairs 

Another way of obtaining a new boundary pair from two boundary pairs (Ti, ^) associated with \)i on Jti (i = 1, 2) 
is by taking the direct sum of all objects, i.e., := J£| © J^ 2 , $ ■= @i © &2, T := Ti © T 2 etc. We call this 
boundary pair the direct sum of the boundary pairs (Ti,&i) and (r 2 ,Sf 2 )- The corresponding derived objects and 
the properties of the direct sum can easily be derived; e.g. A(z) = Ai(z) © A 2 (z) and its spectrum is the union of 
the spectra of Aj(z). Note that the direct sum is different from the coupled pairs defined in Section I5T21 
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5.4 Making a boundary pair bounded 

Let us finally define a bounded boundary pair (r, if) constructed from an unbounded boundary pair (T, £f ) associated 
with f) as follows: We set 

if :=i# 1/2 and f: Jf 1 — > &, 

where <& is endowed with the norm = \\^p\\^i/2 — \\Sip\\jg>\, i.e., we just change the range space of T, and 

obviously, ranT = if, i.e., (T,if) is a bounded boundary pair. For the new boundary pair, called the bounded 
modification of (T,if), we have ||r||i_>o = 1- Moreover its weak Dirichlet solution operator and Dirichlet-to- 
Neumann operator are given as follows: 

Proposition 5.9. Assume that (T, if) is an unbounded boundary pair associated with a quadratic form f). Denote 
by (r, if) its bounded modification, given by if = if 1 ' 2 , T: Jf 1 — > if, Tf = Tf, where the objects without tilde 
refer to (T,if) and the tilded objects refer to (T,if). Then the following assertions are true: 

i. The Neumann and Dirichlet operators remain unchanged, i.e., H B — H B and H = H . 

ii. We have 

S(z) : # — ► JT 1 , S(z)<p = S(z)<p, A = id # and A(z) = A" 1 A(z) : # — ■> #. 

Hi. The boundary pair (r, Sf) is bounded and in particular elliptically regular. Moreover S(z): if — > J^f and 
A(z) : — > if are bounded operators, the norm of the latter is bounded by L(z) (cf. (|2.24c|) ). 

iv. If (T,if) is not uniformly positive, then (T,if) is not either. 

Remark 5.10. Note that although we could only work with bounded boundary pairs, there is not always an 
associated ordinary boundary triple (for this we need that the new boundary pair is uniformly positive, see Theo- 
rem inUT] ((vi])). The bounded modification of an unbounded boundary pair is obviously elliptically regular (because 
it is bounded), but not necessarily uniformly positive (see Example I7.20p . 

Moreover, the unbounded boundary pair is in many examples more "natural" like in the manifold example in 
Section 17.41 since the modified boundary pair involves the Dirichlet-to- Neumann operator in the norm of the new 
boundary space. 

6 Relation to boundary triples and other concepts 

In this section, we relate our concept of encoding boundary value problems with other concepts such as boundary 
triples. 

6.1 Relation to boundary triples 

We start with associating a boundary triple with a boundary pair; a related approach can be found in |Ar99]. Let 
{T,if) be a boundary pair associated with a quadratic form f). Denote by H min = H n H D the minimal operator, 
i.e., H min f = Hf = H B f for / e domiJ min = domff n domiJ D . 

Assumption 6.1. We assume in this section that H min is densely defined, i.e., that domiJ min = domiJ D ndomff 
is dense in Jff. 

It is not clear to us whether the above density condition already follows from the general assumptions on a 
boundary pair, namely that kerT is dense in Jl?. But this assumption excludes large boundary spaces, i.e., boundary 
pairs where kerT = Jff 1 ' 1 * is not dense in Jff. Nevertheless, some results remain true in this case, see the example 
in Section [7^1 

Under Assumption 16.11 we can uniquely define the maximal operator as H m£LX := (H mm )*. We set #" nax := 
domiJ™ with norm given by H/H^a* = ||# max /|| 2 + ||/|| 2 - Since iJ max is closed, #" nax is a Hilbert space. 

We have the following simple fact (recall that ^V°{z) — jV x (z) denotes the closure of the weak solution space 
in the ^-norm): 

Proposition 6.2. 

i. For zeC\ o-(H D ), we have domiJ max = ker(iJ max - z)+domH D . 
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ii. For z eC\ a{H), we have domff max = ker(H max - z) + dom#. 

Hi. Ifz £ C \ a(H D ) then jV°{z) = ker(iJ max - z). In particular, Jf x {z) C ker(# max - z). 

Proof. (01 If / € dom£f max , then we have 

/ = (/ - i? D (z)(ff max - z)f) + R u (z)(H^ - z)f 

and the first summand is in ker(iJ max — z), while the second is in dom£f D . If / € ker(_ff max — z) n domi/ D , then 
actually, (iJ D — z)f = 0, and since z £ cr(7J D ), we have / = 0. The argument for the Neumann operator in (0} is 
similar. 

(03) "C": Let h n -> ft in with /i„ <E JV x {z). It is easy to see that ^(z) C domi? max and that if max /i„ = zh n . 
Since ker(i? max — z) is a closed subspace of =^ c> , we conclude h £ ker(i? max — z). 

"D": Let now h £ ker(iJ max - z). Note first that ^ max n J4? 1 is dense in W max (endowed with its graph norm), 
since 

domi? D + domi? C Jif 1 n 2T max 

and since dom 7? D +dom H is dense in ^ max . The latter follows by considering the graphs graph H D — { (/, H B f) | / £ 
dom if D } and graph H of the operators, and the fact that the closure of graph iJ D + graph H in 3^ © Jti? equals 
graph # max . 

By the density, there exists a sequence (g n ) n such that g n £ 1 and <?„ — > h in #' max . Set now /i„ := S(z)Tg n , 
then 

g n -h n = i? D (z)(ff max - z) 3 „ -> ff max /i -0/i = O 

by Proposition 14.31 and the fact that g n £ dom H m£LX (for the first equality) and g„ — > h in #' max (for the conver- 
gence). In particular, h n = (h n — g n ) + g n — > h in and h n £ ,A' 1 (z) 1 hence h £ ,yV°(z). □ 

Let us now shortly review different concepts of boundary triples. For a more detailed discussion we refer to 
[BLIP] and the references therein: 

Definition 6.3. Let H mm be a closed, densely defined and symmetric operator in J$? and set # max = (H min )* . 

i. A triple (F ,Fi,Sf) is a quasi-boundary triple associated with ii max (see |BL071 Def. 2.1] or |BL101 Def. 3.1]) 
if there is a subspace W of dom_ff max , dense in Jj?, such that 

a) "joint dense range": (F , T{) : W — > & © has dense range, where (F , F±)f := (L /, T±f) . 

b) "self-adjointness": H := # max tkerr i s self-adjoint, 

c) Green's identity 

(i/ max /, g) x - (/, H™*g)^ = (L /, r l9 ) 9 - (T.f, L o5 )^ (6.4) 

holds for f,g£W. 

ii. The triple (Tq^i,^) is (here) called an ordinary boundary triple associated with H max if it fulfils Green's 
identity (|6.4[) . if W = dom_ff max and if the joint dense range condition (0ij is replaced by "surjective joint 
range", i.e., (F ,Fi)(#-)=^ffi^. 

iii. The triple (Lo,Li,^) is called a generalised boundary triple associated with iJ max (in the sense of [DM95, 
Def. 6.1]) if it fulfils Green's identity (|6.4[) and if the joint dense range condition (JTaJ) is replaced by the 
surjectivity of F , i.e., by Y (W) = Sf . 

A generalised boundary triple is a quasi-boundary triple [BL07 ( Cor. 3.7] (see also [DM95] Lem. 6.1]). 
The following material will be discussed in more detail in a forthcoming publication [P 1 2b] . Set 

with norm given by ||w||^/i, max := |M| 2 + t)(u) + ||7J max M|| 2 . It is easy to see that y#/ x ' mayi [ s a Hilbert space. 
Moreover, we can define a bounded operator f ' : ^ ,niax — y gf -1 / 2 (bounded by 1) such that 

(r'u, V )_ 1/2A/2 = ti(u,v) - (H™»u,v) 

for all u £ ^ ) 1 ' max anc { v g jf? 1 such that Tv = (p. Note that the right hand side only depends on tp and not on v, 
which follows from the defining formula in ^ ) 1 ' max _ 
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We set now 

f:={«6 #5, 1 ' m " | f'wGSf} with norm ||u||^ := ||u|| 2 + Jj(u) + ||ff max u|| 2 + ||f '/III (6.6) 

and T'u :— t'u for it G We call (T\,^,T' ,^) the maximal boundary triple associated with the boundary pair 
(T,Sf). Note that we have the following Green's formula 

Hf,g) = (H ma *f,g) + (T'f,T g y (6.7) 

for / e W and g G J^ 1 . 

Let us now justify the names "Dirichlet-to-Neumann" and "Neumann-to-Dirichlet" operator: 

Proposition 6.8. Let z G C \ cr(iJ D ). If h = S(z)ip G W , then ip is in the domain of the associated Dirichlet-to- 
Neumann operator, i.e., <p G domA(z) (see (|2.26|) ), and we have 

A(z)ip = T'h, 

i.e., the Dirichlet-to-Neumann operator associates to a boundary value ip the "normal derivative" T'h of the solution 
of the Dirichlet problem h = S(z)ip. 

If, additionally, z £ cr(H) then A(z)^ 1 ^ = Th with tp = T'h, i.e., A(z) -1 associates to the Neumann data ip the 
Dirichlet data of h. 

Proof. The proof follows immediately from Green's formula (|6.7p (since h G W), namely 

tfoVO = (t)-zi)(S(z)<p,g) = ((H^~z)h,g) +(T'h,Tg) w = (T'h,^ 

where g € Jf 1 with Tg = ip. Note that (iJ max -z)h = since h G ,jY 1 (z) C ker(iJ max - z) by Proposition l6~2l dm)). 
The assertion on A(z)" 1 follows easily from the bijectivity of A(z) (see Theorem 12.291) . □ 

We have the following result relating our concept of boundary pairs to guasi-boundary triples: 

Theorem 6.9. 

i. Let (r, Sf) be a boundary pair, then the following assertions are equivalent: 

a) {T,&) is elliptically regular; 

b) t'u G 'S for all u G domH D . 

c) (rf^,r" ,Sf) is a quasi-boundary triple associated with iJ max ; - 

ii. If the boundary pair is bounded then (T\y/ ,T' , c £) is a generalised boundary triple associated with H max . 

Proof. (JTaJ) =>- (pbl) From Green's formula (|6.7p we have 

(t'u, = r>(u, Sip) - (H B u, Sep) = (f) + 1)(«, Sip) - (H D + l)u, Sip). 

The first term vanishes since u G domif D C J^ 1 ' is orthogonal to Sip in J4? 1 . In particular, we have 

(S<p,v) = (ip,~t'R B v) (6.10) 

for all v G J4? and G Sf 1 / 2 . By elliptic regularity y> — > (Sip,v) extends to a bounded functional on @, hence 
T'u G Sf for all u = i? D u G domi? D . 

(|Tb"|) => (JTaJ) From (16. 10)) and the assumption we see that S*v is defined for all v G Jt?. Since £* is closed, it is 
bounded by the closed graph theorem, hence the boundary pair is elliptically regular. 

(jlaf =>■ ((TcJ) We check the conditions in Definition 16.31 The "joint dense range" condition will be shown in P12b , 
as well as the fact that for elliptically regular boundary pairs, we have dom_ff D c W and the self-adjointness of Hq 
follows. Green's identity (|6.4p is easily seen. (JTcJ) => (JTaJ) follows from |BL071 Cor. 2.6 (i)]. 

(JTiJ) We will give a proof of this fact in a forthcoming publication |P12bj . □ 

To summarise: Our concept of boundary pairs is more general in the sense that the associated boundary triple 
is a quasi-boundary triple only if the boundary pair is elliptically regular. On the other hand, our concepts is only 
suitable for non- negative operators H and H u (although there is a natural extension to sectorial operators). 

The relation to an ordinary boundary triple is as follows. Again, the proof of the following result will be given 
in |P12bj (parts of the proof are given in [BL07I Cor. 3.2]): 
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Theorem 6.11. Let (r,Sf) be a boundary pair. Then the following conditions are equivalent: 

i. There is a corresponding ordinary boundary triple (Y\yr,Y' (the maximal boundary triple associated with 

(r.sf);,- 

ii. ^ max C W Q l ' max , j.e., do mj ff max C Jf 1 and \){f,g) = (H max f,g) for all f € domtf max and g € J4f 1B . 
Hi. dom H max = dom H + dom H D . 

w. ker(£f max - z) C ,vV l {z) for some (any) z e C \ er(ff D ). 

W. ._/f (z) = ^T 1 ^) (orJ/°{z) CjY x {z))for some (any) zE C\a(H D ). 

vi. The boundary pair is bounded and uniformly positive. 

In particular, if one of the conditions is fulfilled, then the boundary pair is bounded, and the norms on #' max and 
y^i.m&x are equivalent, i.e., there is a constant C > such that f)(/) < C(||/|| 2 + ||-ff max /|| 2 )- 

Proof. The equivalence of (JTJ) , (JTTJ) and (jm)) will be shown in |P12bj . Basically, we use that the associated boundary 
triple is a quasi-boundary triple iff the boundary pair is elliptic ( Theorem 16.91 Q) and the characterisation [BL07, 
Cor. 3.2] for quasi-boundary triples to be ordinary. 

dm} =*> Jiv|: By assumption, we have ker(# max - z) C domff + domH D C Jf 1 , and jY°(z) = ker(iJ max - z) by 
Proposition El®, hence ,Jf°{z) C ker(iT nax - z) C J>f 1 n = ^(z). 

© By PropositionOQ, domiT nax = ker(iT nax -z) + dom H D . Moreover ker(iT nax -z) C ./f 1 ^) C JT 1 , 

and it is easily seen that ker(i/ max — z) n C domiJ. 

(fry)) •<=> (jvj) is obvious using the characterisation Jf Q (z) = ker(i? max — z) from Proposition 16.21 dm)) . 
(0) =>■ (fvi|) : An ordinary boundary triple induces a bounded and uniformly positive boundary pair (see e.g. |BGP08l 
(1.22c) in Prp. 1.21] for the uniform positivity). ((vi]) =$> (jvj): For a boundary pair, S(z) is a topological isomorphism 
from ^ 1 / 2 onto jV 1 {z) with inverse V : ^Y 1 {z) — > C S 1 ^ 2 . If, additionally, the boundary pair is elliptically regular 
and uniformly positive, then its extension S(z) is a topological isomorphism from & onto JV {z) with inverse 
T : ^V°(z) — > For bounded boundary pairs, we have in addition that ?f = Sf 1 / 2 (with equivalent norms), hence 
,jV q {z) = ,jV 1 {z). □ 

Corollary 6.12. J/ the boundary space ^ of a boundary pair is finite- dimensional, then the boundary pair is bounded 
and uniformly positive, hence there is a corresponding ordinary boundary triple. 

Proof. We check condition ([vi]): A boundary pair with dim£f < oo is necessarily bounded. Moreover, S is injective 
on f ^ 1 / 2 — Sf, and since S? is finite-dimensional, we also have ||<SVII > C IMI f° r some c > 0. In particular, the 
boundary pair is uniformly positive. □ 

Remark 6.13. In [LS83 , Lyantse and Storozh also used the notation "boundary pair", but in a slightly different 
context: They considered two closed operators L and Lq in a Hilbert space Jf such that Lo is a restriction of L. 
The domain @l of L is endowed with its graph norm := ||u|| 2 + ||£u|| 2 . They call (@,T) a boundary pair if 

i. r : <2l L — > Sf is bounded, 

ii. ker T = dom Lo and 

iii. ranT = Sf. 

They call an operator n: Sf — > @l a lifting operator associated with {^,L) if n is bounded, injective, rann n 
domio = {0} and ranTn = <S . 

Starting with a boundary pair (r, Sf) associated with a quadratic form t) > 0, we can construct a boundary pair in 
the sense of Lyantse and Storozh as follows: Let Lq := H D be the Dirichlet operator, and L = i/ max = (iJ D n H)* 
be the maximal operator. If we assume now, that there is an associated ordinary boundary triple (see Theorem l6.11l 
for equivalent conditions) then one can actually show that Y is bounded (see e.g. BGP08 Prp. 1.9]), that kerF = 
domff D and that Y is surjective. Moreover, a Dirichlet solution operator S(z) is then a lifting operator in the sense 
of Lyantse and Storozh. 

To summarise, boundary pairs in the sense of Lyantse and Storozh are related to ordinary boundary triples and 
operators, while our notation is related to quadratic forms and more general boundary triples. 
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6.2 Relation to extension theory 

The theory of boundary triples is also closely related with the theory of self-adjoint extensions of a given symmetric 
operator H mm . Let us explain here how extension theory is related to the concept of boundary pairs. For a detailed 
reference list, we refer to the introduction. 

Let H min be a closed, symmetric and densely defined operator in a Hilbert space Jrf? and set H maK := (H min )* . 
We are here only interested in operators bounded from below, hence we assume that 77 min > Ao for some Ao > 0, 
i.e., (H min u,u) > Ao||w|| 2 for all u 6 domiJ min . For such an operator H min we define a closed quadratic form f) D 
as the closure of f) D (it) := (H min u, u), u € domff mm . The operator H D associated with f) D is called the Friedrichs 
or hard extension of a symmetric operator H min (clearly, H min C H u C i/ max ). All quadratic form domains in the 
sequel are endowed with their natural norm as in (|2.2p . 

If we assume that ^ a(H B ), then we can choose Ao = inf a(H u ) > 0, since 

(H min u,u) >f) D ( U )>A |M| 2 

for u e domff min . 

There is another self-adjoint extension, the Krein or soft extension, defined as the operator associated with the 
non-negative and closed quadratic form f) K given by 

domf) K :=domf) D +kcrff max , f) K (u) := f) D (u D ), 

where u° is the projection of u € domf) K onto dom() D along kerff max . The associated operator H K acts on 
domi? K = do mj ff min + kerF max (a result of Krein, see [Kr47l Thm. 14]). 

Grubb described in [07701 Sec. 1] (see also [Kr47] . [Bi56] . [DM951 Ch. 4] and [A7M1 IA7991 14712] 1 all self-adjoint 
and non-negative extensions H of H min , i.e., all self-adjoint operators H > with H min C H C i7 max . Such 
operators naturally arise from their associated quadratic forms f). A special case of her main result of the abstract 
theory is as follows (cf. }Gr70[ Thm. 1.1 and Cor. 1.3]): 

Proposition 6.14. Let H min > Ao (Xo > 0) be a closed and uniformly positive operator in a Hilbert space Jif, let 
i/ maK = (ij min )* an d denote by [) D the closed form associated with H min as above. Moreover assume that H > is 
a self-adjoint operator in J^f with associated quadratic form fj. Then the following conditions are equivalent: 

i. H is an extension of H min (H min C H J; 

ii. there exists a closed, non-negative quadratic form t defined on dom t C kcr iJ max such that 

domf) = doml| D -fdomt 9 u = u D + u u t)(u) = t) D (w D ) + t(u t ). 

Hi. The following three conditions hold: 

a) dom f) D C dom f) C dom f) D + ker H mllx ; 

b) t) D C f) (i.e., f)(u) = [) d (m) for u £ domt) D ); 

c) f) K (w) < f)(w) for all u G domf). 

Actually, there is a bijection between the set of self-adjoint extensions H > and the set of (not necessarily 
densely defined!) closed and non-negative quadratic forms t in keri? max (see [Gr70[ Sec. 1]). Note that the Krein 
(or soft) extension H K corresponds to the form 1 = with domt = keri/ max . 

The relation with boundary pairs is as follows: Given a closed, non- negative and densely defined operator H min , 
the operator iJ D (the Friedrichs extension) is defined as well as H max := (H mm )*. Assume that H is a self-adjoint 
and non- negative extension of H min . Denote by f) the corresponding quadratic form, and by t the associated 
quadratic form in ker H max as above. 

We set Jf 1 := domf) and denote by Sf the closure of domt in M 1 . Let T: Jf 1 — > <S be the projection of 
u £ = domf) D -i-domt onto domt along domf) D . We have the following result: 

Theorem 6.15. Assume that ^ cr(iJ D ). Let t be the quadratic form obtained from f) as in Proposition \ 6. lj\ 

i. The pair (T,^) is a boundary pair associated with the quadratic form f). Moreover, (T,^) is bounded iff t (or 
T) is. 

ii. The Dirichlet operator H D is the Friedrichs extension of H mm > 0; the Neumann operator is H. 
Hi. The Dirichlet solution operator is given by S(z)ip = U(z,0)tp = ^ + z(iJ D )-V for V e S? 1/2 = domt c S? C 
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iv. The boundary pair (r,Sf) is elliptically regular and uniformly positive. 

v. The Dirichlet-to- Neumann operator is A(z) = T — zll{z, 0); in particular, for z — 0, we have A(0) = T , where 
T is the operator associated with i on & C M 3 . 

Proof. (0) Since the projection is bounded in 1 and since Jff 1 is continuously embedded in , T is bounded. 
Moreover, kerT = dom f) D is dense in , since H min is densely denned. In addition, Sf 1 / 2 = ranT = domt is dense 
in Sf by definition. Finally, T is surjective iff domt = Sf, i.e., if t is denned everywhere on & and hence bounded. 
(HI]) is clear; as well as ([m]) (note that S(0)ip — ip for ip <G domt and S(z) = U(z,0)S(0j). (|iv| follows from 
||5(0)(^||c? = \\(p\\jtf. The last assertion follows from S(0)<p = <p and A(z) = A(0) — zU(z,0), and the fact that 
lo(<p) = t)(S(0)ip) = t(tp); the latter implies that A(0) = T. □ 

It may happen that Sf = {0} (if we choose H = H D ). If we want that H mm = H B n H, then we have to assume 
that iJ D and -ff are disjoint, i.e., that 

H min cH, (H min cH D ) and dom iJ min = dom H n dom i? D . (6.16) 

Remark 6.17. For the boundary pair (T,&) associated with f) K constructed in Theorem 16 . 1 51 we have H = H K . 
ranT = Sf (the boundary pair is bounded), t = o, A(0) = and A(z) = — zU(z,0). 

A bounded boundary pair (r,Sf) associated with f) K is actually called boundary pair by Arlinskii (see [Ar96, 
IAr99[ Erl2j ). Arlinskii |Ar99] also associates a boundary triple with such a boundary pair. 

On the other hand, starting with a boundary pair (r, Sf) associated with a non-negative and closed quadratic 
form f) we have the following result: 

Theorem 6.18. Assume that (r,^) is a boundary pair associated with a quadratic form f), such that is not in 
the spectrum of the associated Dirichlet operator iJ D . 

i. Denote by t the form as given in Proposition \6.l]\ related with f), then the Dirichlet-to- Neumann form of the 
boundary pair at the spectral point is given by lo((p) = t(S(0)(p). 

ii. Let H be a self-adjoint and non-negative extension of H mm = H D OH and denote by f) its associated quadratic 
form. Assume that domf) and domf) are topologically isomorphic, i.e., that there exists r > 1 such that 
dom f) = dom f) and 

r- x (t,(u) + IMI 2 ) < l)(u) + IMI 2 < r(b(u) + |M| 2 ) 

for all u £ domt). Then (I\ Sf) is also a boundary pair associated with f) with Dirichlet operator i? D and 
Neumann operator H . Moreover, there exists a quadratic form p in & with domp = ^ l / 2 such that 

i)(u) = f)(u)+p(Tu). (6.19) 

Proof. © By Proposition ^. 141 we have 

[)(«) = fi D ( W D ) + tM, 

and hence to(<p) = f)(5(0)p) = t(S(0)ip). 

(JTTJ) Denote by t and t the forms related to the self-adjoint extensions H and H as in Proposition 16.141 Then we 
have 

f)(u) - i)(u) = t(5(0)ru) - t(5(0)ru) =: p(Tu), 

where S , (0)r?i is the projection of u G Jf 1 onto c/K 1 (0) along J^ 1,D = domf) D . Note that p is well-defined, since 
the difference in the middle expression depends only on Tu. Since Jt? 1 := domt) and Jff 1 — domf) (endowed with 
their intrinsic norms) are by assumption topologically isomorphic, T is also bounded as map J? 1 -> <S. Moreover, 
f) and t) agree with f) D on kerT, hence the Dirichlet operator for both boundary pairs is H D . □ 

Remark 6.20. 

i. The form f) associated with the self-adjoint and non-negative extension of H min can be seen as a Robin- 
type perturbation of f), i.e., f)(w) = f)(u) + p(Pu). One can express the Dirichlet-to- Neumann operator of 
the boundary pair (r, Sf) associated with f) in terms of the boundary pair (r,$f) associated with t) as in 
Section 15.11 We will treat this in a forthcoming publication. 
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ii. If H = H K then domf) C domf) since f)(u) = i) K (u) = t)(u) — fo(IV) < t)(u) (i.e., p — f ), but there is no 
lower estimate on f) K in terms of f) and V : Jf 1 — > <S is not bounded. Nevertheless, one can see that (with 
the notation of Section I6.1[) 

dom H K = {ue Wq'™* | t'u = l(0)Tu } 

where the latter equality holds in Sf -1 / 2 . In particular, keriJ max = kerH K , e cr(H K ), and € <r css (H K ) iff 
dimSf = oo. 

iii. If 6 cr(i? D ) we can shift all operators by 1, i.e., work with the form f) + l etc. In this case t is a form acting 
in jV a = 1) C ker(U max + 1) and iJ = H K is no longer non-negative, since —1 is an eigenvalue with 
eigenspace ker(iJ max + 1). 

iv. Note that not all self-adjoint extensions of a closed operator H mm > are covered in the above Robin-type 
way (see (|6.19p ). If e.g. domt C domt (as for the Krein form f) = f) K ) then we cannot express f) as a Robin- 
type jperturbation of f) as in the previous theorem. We may allow less restrictive conditions on^domf) and 
domf) leading to more general Robin- type perturbations (with possibly different boundary space §f). We will 
again treat such questions in a forthcoming publication. 

To summarise: We can associate an elliptically regular and uniformly positive boundary pair to a non-negative 
closed symmetric operator and a non- negative self-adjoint extension (Theorem l6.15l) . For a boundary pair associated 
with a form f), we can express certain other non- negative self-adjoint realisations as Robin- type perturbations of 
the original boundary pair (Theorem 16. 18[) . 

6.3 Relation to generalised elliptic forms and associated operators 

There is a related concept to boundary pairs, namely the concept of J-ellipticity introduced by Arendt and ter 
Elst in |AtE08| . We explain the ideas here briefly and refer to |AtE08| for more details and a more abstract 
version: Let "V and S? be two Hilbert spaces, and J: y — > a bounded operator with dense range. Moreover, let 
a: "f x Y — ► C be a bounded sesquilinear form. 

Definition 6.21. We say that a is J -elliptic if there exist a > and wel such that 

Rca(w) + lu\\ Ju\\% > a\\u\\ 2 r (6.22) 

holds for all u&y. 

To such a J-elliptic form, we can associate an operator A on by setting ip 6 dom A and A<p = ip iff there exists 
u € y such that Ju = <p and 

a(u,v) = (ip, Jv)c S 

for all v £ y. We say that A is the operator associated with (y, J, a). 

In the case where a is a sectorial form with domain y in the Hilbert space we let J be the embedding y <^-> 
i.e., Ju — u for u e y . Then the operator associated with (y, J, a) is just the operator associated with the sectorial 
form o in the sense of Kato (see |Kat661 Thm. VI. 2.1]). 

Assume now that (r,S?) is a boundary pair associated with a non-negative quadratic form f) with domain Jif 1 in 
a Hilbert space Jf?. In this case, we set y := Jt? 1 (with its intrinsic norm := t)(u) + ||u||^) and J := T. 

We have the following relations to our notation: 

Proposition 6.23. Assume that (I\Sf) is a boundary pair associated with t) and let z G C. 

i. IfKcz < 0, then (] — zi is T- elliptic (with a — min{l, — Rez} and uj = 0). 

ii. Assume that (I\Sf) is elliptically regular. If < Rez < min{l, inf a(H D )} /2, then f) — zi is T -elliptic. In 
particular, f) is elliptic, provided ^ o~(H D ). 

In both cases, the operator associated with (Jif 1 ,T,t\ — zi) is the Dirichlet-to-Neumann operator, i.e., the operator 
associated with l z (see (|2.26p ). In the latter case, we have domA(z) = & . 

Proof. It is easily seen that 

lj(u) - (Rez)||u|| 2 > a(f)(u) + ||m|| 2 ) = \\uf^i 

with a as given above. 
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7 Examples 



((n]) Note first that (j6.22j) for the form a = fj — zx is equivalent to 

&(«) > -^—(Rcz + a)\\u\\ 2 ^--^\\Tu\\l 
1 — a 1 — a 

provided a < 1. Since ^ <r(H B ) we have the decomposition u = f + h E Jif 1 ' U +^Y 1 (0), and therefore 

!)(«) - f)(/) + f)W > A D ||/|| 2 + to(r^) > A D ||/|| 2 + U(I7i) - 7 ||r/i||| 

= A D ||/|| 2 + (f, + - 711^111 > A D ||/|| 2 + ll^ll 2 - 7 ||ru||| 

by Theorem 12.231 and the elliptic regularity of the boundary pair (second inequality) for some 7 > 0, where 
A D := inf a(H D ) > 0. Now ||u|| 2 = ||/ + h\\ 2 < 2(||/|| 2 + ||/i|| 2 )^ and therefore we have 

t)(u) > (3\\u\\ 2 - 7||r«||| 

with f3 = min{A D , l}/2. A simple calculation shows that 

[3-Rez , 7(1 + Re z) 

and u> — 



1 + 1 + /3 

are the constants ensuring the r-ellipticity of f) — zx. Note that < a < 1 and cj > 0. That A(z) is the 
operator associated with (Jff 1 ^,^ — zx) follows from (|2.27p . The domain of the associated operator is Sf 1 by 
Theorem EE1 (Rvl) . □ 



Proposition 6.24. Assume that f) > is T-elliptic and assume that "V — 3C X with its intrinsic norm. Then the 
constant a in the definition ofT-ellipticity fulfils < a < 1 and we have 

m{a(H D ) > 



1 - a 



Proof. Note that for u £ Jf? 1 ' , the r-ellipticity is equivalent with a||w|| 2 < (1 — a)t)(u). Since a > and \) > 0, 
we necessarily have a < 1. Moreover, the above equation is equivalent with 

\u\\ 2 <t)(u) 



l-a 



for all u £ Jf? 1 ' 1 * . The spectral lower bound on 7J D now follows from the variational characterisation of the infimum 
of the spectrum. □ 

Remark 6.25. Note that the notion of T-ellipticity does not refer to the Hilbert space Jtf, in which the quadratic 
form t) is defined. Only the domain "V of f) is fixed. Therefore, we cannot expect that the notions of ellipticity and 
elliptic regularity are equivalent (recall the notion "elliptically regular" for a boundary pair refers to the norm on 
,3^) as the following example shows: 

Example 6.26. In Example l7.8l in Section r7.3l we construct a boundary pair which is unbounded and not elliptically 
regular (choose f3 >, 7 > [3, then i — J2 n ^« < 00 )■ 

On the other hand, f) is T-elliptic since f) > 7r 2 /(4^ 2 ) (the lowest eigenvalue of the "Neumann" operator is actually 
the lowest eigenvalue of the Laplacian with Neumann condition at and Dirichlet condition at £). In this case, it 
is easily seen that (|rT22"l) is fulfilled with a = min{l, tt 2 /(4£ 2 )}/2 > and uj = 0. 



7 Examples 

Basically all our examples (except the trivial ones of the next subsection) are of the form ^ — L 2 (X, /1) and 
£f := L 2 (y, v) where {X,/i) and (Y, v) are measure spaces and Y C X, as explained in Example 12.41 

7.1 Trivial examples 

Two very trivial example are given as follows: Let f) be a non-negative quadratic form with domain J)? 1 in Jf? . 

For the first example, set & := Jif and Tf := f, then it is readily seen that (r,^) is a boundary pair with large 
boundary space (since f) is densely defined). In this case, Jf? 1 ' 1 * = kerT = {0}. The Neumann operator is the 
operator associated with f) and the Dirichlet operator associated with (I\Sf) is if D = on {0}. By convention, 
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7.2 Examples with finite- dimensional boundary space 



we set <j(H b ) := and R (z) := 0. The Dirichlet solution operator is S — id^i, and the weak solution space 
is JV x {z) = ,¥f x = Sf 1 / 2 . Moreover, the Dirichlet-to- Neumann form and operator are given by l z = f) — zi and 
A(z) = H — z. The boundary pair is unbounded iff f) is unbounded. Moreover, the boundary pair is elliptically 
regular and uniformly positive, since ||S<^||,# = Krein's resolvent formula is trivial here since BP(z) = 0. 

The bounded modification (T,Sf) (see Proposition 15. 9p of the unbounded boundary pair (Y^) fulfils = Jif 1 
and AO) = (H + l)(H - z)" 1 . 

For the second example, set ^ = {0} and T = 0, then H D = H and A(z) = 0. 



7.2 Examples with finite-dimensional boundary space 

We treat here a simple example where X = I is a compact interval and Y = dl consists of two points only 
The corresponding boundary space is two-dimensional and the boundary pair is automatically associated with an 
ordinary boundary triple (see Corollary 16. 12[) . 

More precisely, let I = [0,1] for some £ £ (0, oo) and set 3>i? := L 2 (7), Jf 1 := rfpf), \){f) := \\f'\\l As 
boundary operator, we choose Yf = (f(0),f(£)). It follows now from standard assertions on Sobolev spaces that 
(r, is a boundary pair. Moreover, the Neumann and Dirichlet operators are the usual Neumann and Dirichlet 
Laplacians on [0,£], and the Dirichlet solution operator is given by 

sm(y/z(e-s)) sin(Vis) 

for z £ (t(H b ) = { k 2 ir 2 /£ 2 \ k = 1,2, . . . }, where <p = (<po, </?i) € C 2 and where the complex square root is suitably 
chosen. If z — 0, we use the continuous extension of the above expressions. The Dirichlet-to-Neumann operator is 
represented by the matrix 

with eigenvalues — yfz t&n(yfz£ / 2) and yfz cot (y/z£/ 2). For z = — k 2 < (k > 0), the former (/ctanh(/c^/2)) is 
smaller than the latter (Kcoth(fc£/2)). The corresponding eigenvectors are (1,1) and (—1,1). The eigenvalues of 
A(0) are and 2/£. The matrix Q(z) = S(z)*S(z) has the same eigenvectors and the eigenvalues for z = are given 
by^/2and^/6. It follows that ||r|| 2 ^ = (inf cr(A))- 1 = (tanh^/2))- 1 = coth(£/2) (k = 1; see Proposition!^ dill)'). 
We call (r,^) the boundary pair associated with I = [Q,£] and dl — {0,^}. 



7.3 Examples with Jacobi operators 

We present here a boundary pair which mainly serves as a "zoo" of examples in which X — [0, £) and Y is a 
countable subset of X accumulating only at £ € (0, oo]. It will turn out that the associated Dirichlet-to-Neumann 
operator (for certain values of z) is actually a Jacobi operator in £ 2 (N) acting as 

(J<p) n = a n _i<£„_i + b n (p n + a n ¥>n+l> 71 = 1,2,..., (7.3) 

and ipo — 0. Here, a n , b n are suitable real-valued sequences. We call J the Jacobi operator associated with (a n ) n 
and (&„)„. 

Note that if a n < and b n — — (a n + a„_x), then we can interpret J as a discrete weighted Laplacian with 
corresponding form 

oo 

(J<p,<p) =^2(-a n )\(p n+ i - (f n \ 2 , 

n=l 

i.e., we can consider —a n as a weight of the edge from vertex n to n + 1 of the half-line graph N. If q n := 
b n + o-n + 7^ then we can interpret (q n ) n a s a discrete potential, and J is a discrete Schrodinger operator 
with this potential. 

Recently, boundary triple methods have also been used by [KM101 for the spectral analysis of Jacobi type 
operators. 

Let I := [0,£) for some £ £ (0, oo] and set Jt? :— L 2 (I). As quadratic form, we choose f)(/) = ||/'||l (n with 
domain 

:={/eH 1 (x)|/(o) = o}. 

The associated Neumann operator H is the Laplacian with Dirichlet condition at and Neumann condition at £ 
(if £ < oo). Its spectrum is purely discrete and given by { (k + l/2) 2 ir 2 /£ 2 \ k = 0, 1, ... } if I < oo, and purely 
absolutely continuous and given by cr(H) = [0, oo) if £ = oo. 



3G 



7.3 Examples with Jacobi operators 



As boundary Y, we choose a sequence of points (x n ) n such that xq — 0, £ n :— x n +i — x n >0 and linin^oo x„ = £. 

1 /2 

We set /„ := [x n ,x n+ i]. As boundary space and operator we set 'S := and (r/)„ := g n ' f(x n ), respectively, 

where (g n ) n is a sequence of positive numbers. To simplify some estimates, we assume that there are constants 
Q± G (0, oo ) such that 

£ n < £+ and <?_ < < g + (7.4) 

Qn+l 

for all neN. The latter condition allows us to replace g n ±i by g n in estimates. 
Proposition 7.5. Assume that t + := sup n g n /£ n < oo, then the following assertions are true: 

i. The operator T: J^ 1 — > & is bounded; moreover, (r,Sf) is a boundary pair associated with f). 

ii. The associated Dirichlet operator is given by H D = Q n and in particular decoupled\^ Its spectrum is 
given by 

cr(iJ D ) = { (kTr/£ n ) 2 | k = 1,2,..., ra = 0,1,...} 
and we can omit the closure if £ n — > 0. 
Hi. The Dirichlet-to -Neumann operator A(z) at z — is a Jacobi operator associated with 

a n = a„(0) = ~ ■ and b„ = b n (0) = (j^— + ]-) ■ — ■ 

£n (QnQn+l) 1 V«n-1 «n ' Qn 

iv. The boundary pair is bounded iff isx£ n £ n g n > 0. In particular, if the boundary pair is bounded, then := 
inf„ £„ > and £ = J2 n ^« = °o. 

v. The boundary pair is uniformly positive. 

vi. The boundary pair is elliptically regular iff T- := inf„ g n /£ n > 0. 

vii. The boundary pair is elliptically regular and unbounded iff (£ n ) and (g n )n are of same order (0 < r_ < 
Qnl £n < t + < oo ) and inf„ £ n = 0. 

Proof. (P Let us denote the objects of the boundary pair associated with /„ and {x n ,x n +\} using the subscript 
(•)/„■ We have 

oo oo 

l|rV|| 2 - 9n\f(x n )\ 2 <Y,Qn coth(V2)||/|| 2 H1(/ii) < C||/|| 2 H1(/) 

n—1 n—1 

for some constant C > using the optimal bound \f(x n )\ 2 < cotti(£ n /2)\\f\\ 2 ]1 ^ I ^ from the two-dimensional 
boundary pair (L/ n ,C 2 ) in Section I7T21 Moreover, it is easily seen that kerT = H 1 (J„) is dense in L 2 (I) as well 
as ranT is dense in ^ 2 (^0 (t ne sequences with finite support are obviously in ranT). 

(JTTJ) The form of the associated Dirichlet operator is clear. Note that the set { (kTr/£ n ) 2 \ k — 1, 2, . . . , n = 0, 1, . . . } (1 
[0, A] is finite for any A > if £ n — > 0, hence we can omit the closure in this case. 

(plr]) The Dirichlet solution operator is given as follows: Let h = S(z)(p for <p € Sf 1 / 2 . Then h n := h\j = Si n (z)$ n , 

^ —1/2 

where $ n = (<p n , <p n +i) and <p n = Qn f n - Moreover, the Dirichlet-to- Neumann operator is given by 
(A( Z )^), 2(N) = (f, - zi)(S(z)<p,S<p) = J2& In - zi)(S In (z)$ n ,S In $ n ) 

oo 

= J^Aj,, («)*», 
n=0 

oo 

= yi(a n -i(z)<Pn-i + b n (z)ip n + a n (z)(p n+ i)Tp^ 

n=l 

for suitable <p € Sf 1 / 2 , where 

fz 1 _ _ 1 

a n (z) = — ■ — - and b n (z) = >/£(cot(v^n-i) + cot(yfz£ n )) ■ — • (7.6) 

Sin(V^n) (QnQn+l) 1/2 Qn 



""Here, Aj 3 denotes the Dirichlet operator on the interval /„. Note that we use the sign convention A^ / = — /", see also Footnote II II 
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7.3 Examples with Jacobi operators 



The formula for z = follows by taking z — > 0. 

(jrvT) The boundary pair is bounded iff A(0) is bounded (see Theorem 12.111 (flu)) and the footnote); and the Jacobi 
operator A(0) is bounded iff (a„(0))„ and (6„(0))„ are bounded sequences. Moreover, we have 

K(0)\<j±- and |6 n (0)|<J-+ g+ 

using again (17.41) . and a similar lower bound on |a„(0)| and |& n (0)|. In particular, these sequences are bounded iff 
mi n (£ n g n ) > 0. Since £ n g n > t+£\ by the assumption on g n /£ n , mi n £ n = implies that mf n (£ n Q n ) = 0. 
(jvjl The uniform positivity is seen by 

OO OO OO q 

II^(0)^H 2 L2 (/) = E 11^(0)^11^(7,0 = E^(°) $ «' $ «)c 2 > E f > -^I^Hl(N) 

n=0 ra=0 ri=0 + 

using again the results of Section ITT21 (I7.4[) and the assumption on g n /£ n - 

(|vTl) Similarly, if t_ > 0, then HS^O)^! 2 is bounded from above by (1 + g + )/(2r_)||( / 9|| 2 , hence the boundary pair is 
elliptic. On the other hand, if r_ = 0, then let <p k £ ^ 2 (N) with ip* — <5fc„. In particular, ||S'(0)i^ fc || 2 > £k/(6Qk) and 
this expression is not bounded in fc, hence S(0) has no bounded extension as operator ^ 2 (N) ~ ^ L 2 (-0- 
(JvTTJ) is a consequence of (jlv]) and (jvl]). □ 

The Dirichlet-to-Neumann operator is also a Jacobi operator (with sequence (a n ) n being entirely negative or 
positive) for z < 0, but we have chosen the spectral point z = because then the dependence on £ n is rather simple. 

Example 7.7 (Example of an unbounded, uniformly positive and elliptically regular boundary pair). Let £ n and 
g n of the same order (0 < r_ < g n /£ n < t+ < oo) and \oi n £ n = 0, then the boundary pair is unbounded and 
elliptically regular (and of course uniformly positive), see Proposition 17.51 (jvjl and (jviip . 

This example shows that the spectral characterisation in Theorem l4.9l (Imf can be actually used in a slightly wider 
class than ordinary boundary triples (see also Theorem 16. Ill (|vT|l ). 

The Neumann operator in this case has purely discrete spectrum iff J2 n < 00 • 

Example 7.8 (Example of a boundary pair not elliptically regular, but uniformly positive). Choose (£ n ) n and 
(f?n)n such that sup n g n /£ n < oo, but inf„ g n /£ n = 0, then the boundary pair is not elliptic (in particular not 
bounded). For example, if g n — q n (0 < q < 1) or g n — nT 1 and l n — n - ^, 7 > /3 > 0, then the boundary pair is 
not elliptic. 

Let us now choose (£ n ) n and {g n ) n such that the corresponding Jacobi coefficients have the form a n = a„(0) = 
— n a and b n — b n (0) — — (a„+a n _i), i.e., the corresponding Jacobi operator J = A(0) is a pure (discrete) Laplacian. 

We use the ansatz £ n — n" l3 L~ 1 and g n = n _7 i?~ 1 with a — f3 + 7 > 0. It can then be shown that the sequences 
(L n ) n and (R n ) n defined above actually converge to 1 as n — > 00. 

This ansatz allows us to use known results on the spectrum of this special Jacobi operator (see e.g. [Sa08 ( Thm 1.1] 
and references therein; as well as jJNOlj for the case a = 1 and the general ideas of the spectral analysis). The 
spectrum of J is purely discrete if a > 2, and absolutely continuous if0<a<2. If a < 2 then a{ J) — [0, 00) and 
if a = 2 then cr( J) = [1/4, 00). In the latter case (a — 2), the spectrum is purely absolutely continuous. 

Example 7.9. If we choose f3 and 7 such that 7 > /3, f3 > 1 and a = f3 + 7 > 2 then the Dirichlet-to-Neumann 
operator A(0) = J has purely discrete spectrum. By the monotonicity (Theorem 12.231 (jvT)0 . < to < 1= [-1, and 
this inequality remains true for the closure of the form [0 (see the remark in the next example and [Dav95 ( Sec. 4.4] 
for an order on quadratic forms). In particular, the associated non-negative operators fulfil < A(0) < A = A( — 1), 
hence A(0) _1 > A -1 > 0, and A -1 is also compact, while for /3 = 1, H has purely absolutely continuous spectrum, 
and H B has purely discrete spectrum. 

If j3 = 1 and 7 = 1, then a = 2 and the Dirichlet-to-Neumann operator A(0) has purely absolutely continuous 
spectrum [1/4, 00). In both cases, the Neumann operator H has purely absolutely continuous spectrum [0, 00) since 
^2 n £ n — 00, while the Dirichlet operator iJ D has purely discrete spectrum. The boundary pair is elliptic iff 7 = (3. 

Example 7.10 (Example violating the spectral relation Theorem 14. 181 (0)). Choose < f3 < 1 and 7 = 2 — /3 > 0. 
Then a — 2, and er(A(0)) = [1/4, 00), but the spectrum of the Neumann operator is [0, 00). In particular, the 
implication "0 € v{H) G cr(A(0))" is not true. Since /? < 7, the boundary pair is not elliptic. 

What is actually happening here is that the norm on J^ 1 / 2 given by the form l_i associated with A(— 1) actually 
corresponds to a discrete Schrodinger operator with potential q n = b n (— 1) + a n (— 1) + a„_i(— 1) (given in (I7.6[) 
with z = — 1). It can be seen that this potential is unbounded and there is no upper estimate of the quadratic form 
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7.4 Laplacian on a manifold with Lipschitz boundary 



corresponding to this Schrodinger operator in terms of the squared norm generated by the (pure) Laplacian form 
(o- In particular, taking the closure of the form to, originally defined on ^ 1 / 2 only, we obtain a Hilbert space 'S^ 2 
strictly larger than Sf 1 / 2 (we have ^ 1 / 2 C <£^ 2 C Sf). 

Example 7.11 (Example violating the spectral relation Theorem 14.181 (|iv| ) . We can actually modify Example l7.10l 
such that the implication "0 € erdi SC (A(0)) =>■ € Odisc(-ff)" is false: Take the direct sum (T,£f) (see Section [573]) of 
the boundary pair of the previous example (denoted now (Ti,^)) and any boundary pair (T 2 ,^ 2 ) such that is a 
simple and isolated eigenvalue in cr(A2(0)) and cr{H 2 ) (e.g., the boundary pair on [0, 1] as in Section [772]) . Then 
is a discrete eigenvalue of cr(A(0)) = ct(Ai(0)) U er(A 2 (0)), but is not isolated in <r(H) = cr(Hi) U a(H 2 ) — [0, 00). 

7.4 Laplacian on a manifold with Lipschitz boundary 

We consider now a compact <i-dimensional Riemannian manifold (X, g) with Lipschitz boundary Y = dX (i.e., a 
neighbourhood of dX in X can be covered by bi-Lipschitz continuous charts with model space W\_ := [0, 00) x R^" 1 , 
the charts onI\ dX are assumed to be smooth). We set 'S := L 2 (9X, a). For more details on elliptic boundary 
value problems on Lipschitz domains we refer e.g. to [JK95I [GM09, AM08] and references therein. 

Some of our results extend to the case when X is non-compact but dX is compact, e.g. products (see Remark l7.19l 
and Section 17751) or warped products X = [0,oo) x Y with metric g = ds 2 + r(s) 2 h, where (Y, h) is a compact 
Riemannian manifold. We come back to this situation in a forthcoming publication. 

Denote by C°°(X) the space of functions, which are smooth on the interior X := X\ dX such that all derivatives 
extend continuously onto X. 

We set := L 2 (X, g) (with the natural measure induced by the metric g). Moreover, Jf 1 := H 1 (A r , g) denotes 
the completion of C°°(A) with respect to the norm given by IMIhi(Xs) := H u llL 2 (x ff ) + II^ u IIl 2 (x ff )> wnere du 
denotes the exterior derivative of u. We consider the form f) given by f)(u) := ||du|| 2 , u € J^f 1 . 

For a Riemannian manifold with Lipschitz boundary dX, it can be shown that dX has a natural measure v, the 
(d — l)-dimcnsional Hausdorff measure. For smooth functions u we set Tu :— u\g X . This Sobolev trace map T 
extends to a bounded operator H 1 (X, cy) — > L 2 (dX,v) (see e.g. [AM08. AtEll and references therein). 

Theorem 7.12. The boundary pair (r,^) associated with the form d is unbounded, elliptically regular and not uni- 
formly positive. The Dirichlet and Neumann operators H D and H are the usual Dirichlet and Neumann LavlacianP^\ 
and A^ on X , respectively. Moreover, the Dirichlet-to-N eumann operator A(z) has the usual interpretation, 
i.e., tj) = A(z)(/? iff tj) is the normal derivative of the solution of the Dirichlet problem (A max — z)h = and h\ 9x = ip 
(provided ip is smooth enough). 

Proof. We already noted that T is bounded. Moreover, smooth functions with support away from dX are in 
kerT —: H 1 (A,g), and also dense in = L 2 (X,g), hence kerT is dense in Jf. Moreover, r(C°°(A)) is dense in 
\- 2 (dX, v). In particular, (T,^) is a boundary pair. It is also well-known, that the range of the Sobolev trace map 
r is not surjective, hence the boundary pair is unbounded. 

In order to show the elliptic regularity, we use the fact that dom H D (the domain of the Dirichlet Laplacian) is 
included in H^ 2 (A, g), where 

H r A (X,g) :={ueH r (X,g)\AueL 2 (X,g)} 

for r > 0. This fact was proven in Thm. B in jJK95j . In particular, d n u\ gx € L 2 (<9A, v). The abstract Green's 
formula (|6.7p is actually the usual one, hence T'u = d n u\ dx £ By Theorem l6.9l (|I|). the boundary pair (r,^) is 
elliptically regular. 

If the boundary pair was uniformly positive, then T : JV 1 — > would extend to a bounded operator 

T: — > <3 bv Theorem I3~T41 (jiiif . In particular, Th <E L 2 (dX, v) for all /i£^f° = ker(A max + 1) which is known 
not to be truel^j Here, H max = A max is the Laplacian in the distributional sense (with domain H^(A, g)). □ 

Definition 7.13. We call (r,£f) the boundary pair associated with the manifold (X,g) and boundary dX. 

Remark 7.14. The notion "elliptically regular" for a boundary pair has another motivation from this manifold 
example: The boundary triple (r,T',^) associated with the boundary pair (r,Sf) (see Section loTTj) is called ellip- 
tically regular if domiJ D C W and domff C W; and a boundary triple is elliptic iff the corresponding boundary 
pair is. Here, W is a space on which F' is defined and bounded (V : W — !• ^) and on which Green's formula 



1 In our convention, (self-adjoint) Laplacians are non-negative operators, e.g, in the Euclidean case we have An = — 5TJj djj u - 
2 Actually, at least if dX is smooth, then T : ,yV° — > ^~ 1 / 2 = H" 1 /2(ax) is bounded. 
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7.5 Laplacian on a non-compact cylindrical manifold 



holds (see (I6.7[) ]). If we assume (for simplicity) that dX is smooth then we can choose W = H 2 (X). The condition 
dom H D C W is then equivalent to an "elliptic regularity estimate" 

Hh2 ( x) < C(||A^ u || La(x) + \\A^u\\^ {x) ) (7.15) 

for all u € domA^ n H 2 (X) and similarly for the Neumann operator H = A^. We will treat boundary triples 
associated with quadratic forms in a forthcoming publication |P12bj (see also |P12aj ). 

Krein's resolvent formula now is valid for the Neumann and Dirichlet Laplacian, i.e., 

(A* - z)- 1 - ( A x - z)- 1 = S(z)A(z)- 1 S(z)*, (7.16) 

Moreover, the (extension of the) solution operator S(z); L 2 (dX, v) — > L 2 (X,g) is usually called Poisson operator 
in this context. In addition, we have the characterisation of the spectrum 

A 6 cr(A N ) & Oea(A(A)) (7.17) 

provided A £ cr(A D ). Since the spectrum of A N is purely discrete, and since T: H 1 (X, g) — > L 2 (dX, v) is a 
compact operator, the spectra of A D and A(A) are purely discrete, too (see Proposition [52] (jvl| and Theorem [235]). 
Moreover, the multiplicities of the eigenvalues are preserved (Theorem 14. 9[) . 

Remark 7.18. If the boundary is smooth then < 3 k — Y\ k (dX). This follows from the fact that < 3 k = domA fc , and 
that A is a pseudo-differential operator of order 1 (see e.g. jLM68] ]). We do not characterise the spaces ST* in the 
case of non-smooth boundaries here, but refer to [GM091 Lem. 2.3] (the statement that T is bounded as operator 
H 3 / 2 (X) to H l (dX)) and the example in [JK95L Prp. 3.2 and the text before], showing that functions in r(H 3 / 2 (X)) 
not necessarily have a tangential derivative and hence are not necessarily in H 1 (9X). The domain constructed 
in [JK95] is a periodic sawtooth region with period 2e and with slopes alternating between 1 and —1, and can even 
be chosen to have a (^-boundary. 

Let us illustrate how coupling of boundary pairs can be used in the manifold case 

Remark 7.19. A prominent example of a coupled boundary pair (see Section I5~2")) we have in mind is a smooth 
manifold X = X\ U X 2 without boundary such that Y = X\ n X 2 is a smooth submanifold of co-dimension 1, X\ 
is a compact manifold with boundary Y and X 2 = I x r Y is a warped product over an interval /, i.e., a manifold 
with metric g — ds 2 + r(s) 2 h (r: I — > (0,oo), h a metric on Y). For a warped product, we have explicit formulas 
for the solution and the Dirichlet-to- Neumann operators (in terms of solutions of some ODEs related with r). As 
boundary pairs we now choose (Fj,^) associated with the quadratic forms f)i(w) = ||dtt||^-., u € — H 1 (A i ), 
where Sf = \- 2 (Y) and TiU = u\ Y - The coupled form and operator (i.e., the Neumann operator) is now the form 
and Laplacian on the entire manifold X. Moreover, for the boundary pairs (Ti,^) on the compact part of the 
manifold one can derive explicit formulas for the Dirichlet solution operators and Dirichlet-to-Neumann maps, as 
well as for the (possibly non-compact) warped product. Hence we have rather explicit formulas for the resolvent 
of the entire Laplacian on X in terms of simpler building blocks. We will come back to these ideas, treating also 
more complicated coupled structures, in a forthcoming publication. 

Bounded modification of the manifold boundary pair 

Example 7.20 (A bounded, but not uniformly positive boundary pair). Let us now show that the bounded 
modification (r, ^) of the above boundary pair (F, J#) associated with (X, g) (see Section 15. 4p gives rise to some 
examples: it follows from Proposition 15.91 that (r,£f) is not uniformly positive, although bounded. 

Example 7.21 (Non-compact Dirichlet-to-Neumann operator, but compact Dirichlet and Neumann operator). If 
we assume (with the notation of the previous example) that the manifold X is compact, then R — R and R D = i? D 
are compact. But since A = id^ and since 8? = H 1 / 2 (9A) is infinite-dimensional, A" 1 is not compact (see also 
Remark l53Bl ([Hjn. 

7.5 Laplacian on a non-compact cylindrical manifold 

Let us consider here a simple example in which the space X is a product manifold X = [0, oo) x Y with corresponding 
product metric g = ds 2 + h, where (Y, h) is a non-compact Riemannian manifold without boundary. In this case, we 
have again 34? = l 2 (X,g), Jif 1 = H l (X,g), t)(u) = \\du\\ 2 and <S = L 2 (Y, h). Identifying a function u: X — > C with 
the corresponding vector-valued function s i— > it(s) on [0, oo), we set Tu = u(0), u £ Jtf? 1 . It can be seen similarly as 
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7.6 Dirichlet-to-Neumann operator supported on a metric graph 



before that T is bounded and that (r,Sf) is an unbounded, elliptically regular, but not uniformly positive boundary 
pair. 

This example can be seen as a vector- valued version of the interval case in Section [772] (except that / = [0, oo) is 
non-compact here). Namely, we can write 

&(«) = J(\W{s)\\i 2 (Y.h) + \\dYu(s)\\l 2{YM ) da, 

where dytp denotes the exterior derivative on Y. 

Moreover, all objects can be calculated rather explicitly using separation of variables (denoting the eigenvalues 
and eigenfunctions of the Laplacian on Y by Kk > and respectively). For example, we have 

S{z)tp = f z , k ® $fc, 
k 

where fk,z(s) = exp(isy/ z — Kk) (the square root is cut along the positive real line). Moreover, 

H^)cp = ^2i<P, ®k)\_ 2 (Yji)fz,k ® $fc = ~i(Jz- A (r,ft))^ 

k 

(sec [P12a, Sec. 3.5] for details, e.g., the type of convergence of the sums). In particular, for z 

A = y/Ay + 1. 

Similarly, we can treat more general cases like warped products (i.e., X = I x Y with metric g 
for some function r: I — > (0, oo)). We will come back to this point in a forthcoming publication 

7.6 Dirichlet-to-Neumann operator supported on a metric graph 

Let us consider here a case of a Dirichlet-to-Neumann operator defined on a singular space Y, where Y is a metric 
graph embedded in a 2-dimensional Riemannian manifold (X, g), i.e., Y = Uee-E^ 3 ' ano - eacn Y e is a closed one- 
dimensional (smooth) submanifold in X, called edge segment. We assume for simplicity that X is compact, but 
under suitable uniformity assumptions the results below remain true; e.g. if {X, g) is a covering manifold with 
compact quotient. We suppress in the following the dependence on the metric g. 

We call the closure of each connected component of X \ Y a face of Y in X, and label the faces by (Xf) f e p. We 
assume that each face is compact in X, and that the boundary of each face, consisting of the adjacent edges Ef, is 
Lipschitz (if X is non-compact, one needs e.g. that the Lipschitz constants are globally bounded). Let (Tf,9f/) be 
the boundary pair associated with the manifold Xf and boundary dXf. Note that each function iff £ <& = L 2 (dXf) 
decomposes into its components iff — (ip e j) e& E f of the adjacent edge segments Y e , i.e., <p e j £ L 2 (Y e ). 

A global boundary map is now defined on 

if 1 :-{«£0 H^AT/) | (Tu) eJl = (Tu) e j 2 whenever X fl n X h = Y e } (7.22) 

by Tu := u\ Y (u £ Jff 1 ). This map is well-defined since the boundary values of u from different sides on an edge 
agree by definition. It is not difficult to see that Jf 1 = H 1 (X), and that F: Jf 1 — > & := L 2 (Y) is bounded, 
since L is the restriction of the direct sum of the boundary maps Tf-. H 1 (X/) — > L 2 (dXf) to Jt? 1 after suitable 
identifications. 

As quadratic form, we consider t)(u) := ||du|| 2 , u £ = H 1 (AT). 

Proposition 7.23. The boundary pair (L,Sf) is unbounded, elliptically regular and not uniformly positive. The 
Neumann operator H is the Laplacian on X , and the Dirichlet Laplacian is given by the direct sum of the Dirichlet 
Laplacians on Xf, i.e., 

feF 

and iJ D is in particular decoupled. The Dirichlet-to-Neumann operator A(z) acts as follows: if (f is a (suitably 
smooth) function on Y , then iji = A(z)tp is given on Y e as the sum of the normal derivatives of the solutions of the 
Dirichlet problem on the two adjacent faces of e (i.e., ip e is the jump in the derivative when crossing Y e form one 
face to the other). 



= — 1 we have 
= ds 2 + r(s) 2 h 
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7.7 Laplacian with mixed boundary conditions: the Zaremba problem 



Proof. We omit the details here, since we will consider these questions in a forthcoming publication in more 
detail. We only indicate how to prove the elliptic regularity of the boundary pair: this can be seen by showing that 
t'u G L 2 (T) if u G domif D (Theorem [O]©). Since t'u is a sum of normal derivatives of Uf G dom A x C H 2 (Xf), 
it follows that t'u G L 2 (Y). □ 

Remark 7.24. Let rj a be the Robin-type perturbation of the form rj (i.e., f) (u) := rj(u) + a||ru|| 2 for a > 0, see 
Section IBTTj) . Then h a is non-negative and closed, and we can consider (T,^) associated with the form fj a . The 
associated (Neumann) operator H a then has a Robin-type boundary condition of the type T'u + aTu = 0, where 
T'u on Y" e is the sum of the normal (outwards) derivative of u on the two adjacent faces. 

The resolvent difference of H a and H D (the latter is still decoupled) can be expressed by a Krein-type formula, 
and H a converges to H u in norm resolvent sense as a — > oo. Moreover, the associated Dirichlet-to-Neumann 
operator of {T,&) associated with h a is A a (z) = A(z) + a. 

This situation is closely related to a model called leaky graph (see the overview article [Ex08 ). Note that in the 
situation of a leaky graph, one has X = R 2 and a < (this needs some modifications of our arguments). Moreover, 
some faces may be non-compact with finitely many adjacent edges, some of them having infinite length. 

In [KK02] (see also the references therein), Kuchment and Kunyansky consider the above-mentioned operator H a 
appearing as the limit operator in the analysis of photonic crystals supported on a hexagonal lattice T embedded in 
X = M 2 . As in our approach, they reduce the eigenvalue problem for H a to an eigenvalue problem for A(z). Then 
they investigate the nature of the operator A(z) on Y, and try find a good candidate of a differential operator on 
Y being close to the pseudo- differential operator A(z). This problem is still not yet completely understood and we 
believe that our method helps to analyse the problem further. 

7.7 Laplacian with mixed boundary conditions: the Zaremba problem 

Let (X,g) be a compact Riemannian manifold with smooth boundary dX. Let Y C dX be a compact submanifold 
of the same dimension as dX, with smooth boundary in dX, and let Z := dX \ Y . We call the Laplacian on X 
with Dirichlet condition on Z and Neumann condition on Y the Zaremba Laplacian, denoted by A x (in particular, 
A D = A^- x and A N = A^). 

3/2 g 3/2 

The domain of the Zaremba Laplacian is contained in H A (X) for all e > 0, but not contained in H A (X) 
itself. The latter can be seen in the following situation where X — [0, oo) x R (or some bounded subset containing 
0) and u(x,y) := Im y/x + iy (see |Sha68j; u fulfils a Dirichlet condition on the positive £-axis Z and a Neumann 
condition on the negative x-axis Y , and Ait = 0. Moreover, d n u\ z is not in L 2 (Y), and hence u H^ 2 (AT). At 
first sight surprisingly, the Zaremba problem is less regular for smooth boundaries than for certain boundaries with 
corners (see the discussion in [Grill Sec. 4.3]). 

Let us now compare the Zaremba Laplacian with the Dirichlet Laplacian on X. We will see that we can again 
treat this problem with our boundary pair method. 

Set J^f := L 2 (X) (again, we suppress the dependence on the metric g) and set 

JT 1 := H%(X) := { u € H^X) | u\ z = }, &(«) := ||d M || 2 . 
As boundary operator we choose Tu := u\ Y - 

Theorem 7.25. The boundary pair (I\Sf) associated with the form P) is unbounded, elliptically regular and not 
uniformly positive. The Neumann operator H is the Zaremba Laplacian on X with Dirichlet condition on Z 
and Neumann condition on Y . Moreover, the Dirichlet operator is the Laplacian A^ = Aj^ with (pure) Dirichlet 
condition on dX. 

The Dirichlet solution operator is given by S{z)ip = S(x,dX)( z )f>> where S(x.dx){ z ) is the Dirichlet solution 
(Poisson) operator for the boundary pair associated with X and the entire boundary dX , and where tp = <p © is 
the extension of ip G J^ 1 / 2 by on Z. 

Finally, the Zaremba Laplacian and the Dirichlet-to-Neumann operator A(z) (z (£ o~(A x )) have discrete spectrum. 

Proof. Clearly, T: — y 1 & := L 2 (Y) is bounded since u u\ dx is bounded, as well as the restriction map 
L 2 (dY) — > L 2 (Y). Moreover, that (L,Sf) is an unbounded boundary pair can be seen similarly as in Section I7T41 We 
show the elliptic regularity as before using Theorem 16.91 (0): Since H D is the pure Dirichlet Laplacian on X with 
smooth boundary, we have domff D c Y\ 2 {X), and in particular, d n u G H 1 / 2 (9AT), hence t'u — d n u\ Y G L 2 (Y). 

The assertion on the Dirichlet solution operator is easily seen by noting that for ip G J^ 1 / 2 there exists u G H^(X) 
such that <p = u\y. In particular, the extension by is just tp = u\g X , and hence in H 1 / 2 (9X). 

The Neumann operator (i.e., Neumann Laplacian) has discrete spectrum since X is compact and dX is Lipschitz. 
Then also the Dirichlet operator has discrete spectrum. Moreover, T is a compact operator, since Tu = Tu\ Y , and 
T: H 1 (A') — > L 2 (dX) is compact. In particular, A(z) has discrete spectrum ("Theorem 12.351) . □ 
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7.8 Example with large boundary space: discrete Laplacians 



Krcin's resolvent formula here relates the resolvent of the Zaremba Laplacian with the pure Dirichlet Laplacian 

(Af - z)- 1 - (A° - z)- 1 = S(z)A(z)- 1 S(zy. (7.26) 

Since the boundary pair is elliptic, the operators on the RHS all act in the Hilbert spaces 'S — L 2 (F) and ffl = L 2 (X). 

If we use the pure Neumann Laplacian as reference operator (by choosing Jt? 1 := H 1 (X)) and again, Tu = u\ Y , 
then the Dirichlet operator i? D is the Zaremba Laplacian A^, now with Dirichlet condition on Y and Neumann 
condition on Z, and the Neumann operator H is the pure Neumann Laplacian A^. 

Theorem 7.27. The boundary pair (P, Sf ) associated with the form f) corresponding to the pure Neumann Laplacian 
on X is unbounded, and not elliptically regular. The Dirichlet operator H B is the Zaremba Laplacian A]£, now 
with Dirichlet condition on Y and Neumann condition on Z . Finally, the Zaremba Laplacian and the Dirichlet-to- 
Neumann operator A(z) (z ^ o-(A^)) have discrete spectrum. 

Proof. That the boundary pair is not elliptically regular can be seen as follows: As in the example above, where 
X = [0, oo) x R, one can find functions u € domif D (the Zaremba domain) such that Y'u is not contained in Sf, 
and hence by Theorem 16.91 (0) the boundary pair is not elliptic. 

The Neumann operator has discrete spectrum since X is compact with smooth boundary. The compactness of 
A^ 1 can be seen as before. □ 

Krein's resolvent formula in this case still holds, but only in its "weak" form 

(AS - z)- 1 - (A£ - z)- 1 = S{z)l{z)-^S{z)\ (7.28) 

since now, the operators on the RHS map as ffl 1 — > Sf -1 / 2 — > Sf 1 / 2 — > Jff. Similar formulas have also been shown 
in [Grllj and |Pa06] . Moreover, since R and A -1 are compact, we have the spectral relation 

Aea(A^) & 6<r(A(A)), 

if A ^ ct(A^). In other words, if the spectrum and eigenfunctions of Ay are known, we know the 0-eigenspace of 
the Dirichlet-to- Neumann operator (cf. Theorem 14.91 (pTj) 1 ). 

Remark 7.29. We would like to stress here that the boundary pair of Theorem 17.251 can also be treated with 
the methods of quasi-boundary triples, according to Theorem 16.91 (0). On the other hand, the boundary pair of 
Theorem 17. 271 does not correspond to a quasi boundary triple, and can hence be treated only by the boundary pair 
concept. 



7.8 Example with large boundary space: discrete Laplacians 

Let us present here another class of examples; in this case, the boundary space is large, i.e., kerL is no longer dense 
in Jf. 

Let (V, E, d) be a discrete graph, i.e., V denotes the set of vertices, E the set of edges and d: E — > V xV maps 
e onto (cLe, <9+e), the initial and terminal vertex of e; fixing therefore also an orientation. Denote by E v the set of 
edges e adjacent with the vertex v G V (i.e., e £ E v iff v — 9+e or v = <9_e. If e G E v , we denote by v e the vertex 
on the other end of e. 

We assume for simplicity here that the graph is finite. Let /i: V — > (0, oo) and g: E — > (0, oo) be functions, 
the vertex and edge weights. Let 

vev 

and set 

f)(/) :=]T|/(d +e )-/(d_ e )| 2 £(e) 

eS-E 

with domf) = Jtff 1 = Jff. Since this form is bounded, we can omit the subscripts (-) 1 indicating the form domain. 
The Neumann operator H, i.e., the operator associated with f) acts as 

(ff/)(t,) = -L J2 g(e)(f(v)-f(v e )). 

If we choose fi(v) = 1 and g(e) = 1 then we arrive at the combinatorial Laplacian; if we choose fj,(v) = degv = \E V \ 
and g(e) = 1, then we arrive at the normalised Laplacian. 
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7.8 Example with large boundary space: discrete Laplacians 



We now declare a subset of V as boundary of the graph, i.e., let dV C V be the set of boundary vertices. The 
vertices in its complement, V := V \ dV, are called inner vertices. We set 

Sf ^(W.Ai), r/:=/r 8v . 

Note that Jf B := kerT = £ 2 (V,fi) is noi dense in 34? = £ 2 (V,n). Therefore, (r, ) is a bounded boundary pair 
with large boundary space associated with h. The Dirichlet operator acts formally as H, but only on £ 2 (V,/j,); if 
i: £ 2 (V,fi) £ 2 (V,fi) denotes the natural embedding, and tt := l* the corresponding projection, then H D = ttHl. 
Note that this example corresponds to X = V, Y = dV and v — fi\g V in the notation of Example 12.41 

Before giving a formula for the Dirichlet solution operator, let us represent the operator H in block structure 



H = 



A B 
B* D 



with respect to the splitting 3f = S? © D , i.e., £ 2 (V, fi) = £ 2 {dV, fj,) ® i 2 (V, /i). Here, D — H D is the Dirichlet 
operator, and A: Sf — > &, B: 3i? D — > <g. Let z £ a{D), then h £ Jf{z) := Jf 1 ^) iff (H - z)h\ v = 0. Denote 
by H max : 3t — > 3f D the operator H restricted to 3f D (this is actually consistent with H min := H D n H, the 
minimal operator H min , which acts as — > J^, and iJ max — (iJ min )*). Using the matrix decomposition, we 
have H m ^f = B*f d + Df , where / = f B ® f £ Sf © ^ D 
Moreover, 

f)(/,.9) - - (B*f d + Df ,g )^n + (Af d + Bf ,g d )v 

= (ff max /,ffo)^ D + (r7,r ff )^, 

which can be interpreted as Green's formula (|6.7[) . where the "normal derivative" T': — > & is given by T'f := 
Af d + Bfo, i.e., 

It is now easily seen that the Dirichlet solution operator is given by 

S(z)<p = f © (-(£> ~ z)~ x B*<p), 

(since (i^ max — z)S(z) = on Jff D and rS , (-z)<p = ip); note that the inverse exists since z £ cr(D). The Dirichlet- 
to-Neumann operator is defined as 

(A(z)ip, ip)cf = ((H - z)S(z)<p, g)je 

= {{A-z- B(D - z)-^*)^, f/,) 9 + (B*<p -(D-z)(D- z)- l B*<p,g )^u 

where g £ 34? is arbitrary with g\gy = ip. Since the latter summand vanishes, we obtain for the Dirichlet-to- 
Neumann operator 

A(z) = (A- z) - B(D- z)- x B*: <S — >&. 

Moreover, the interpretation is the same as in the manifold case: We have A{z)tp = T'S(z)(p, i.e., the Dirichlet-to- 
Neumann operator associates to the boundary data ip the "normal" derivative of the Dirichlet solution h = S(z)ip. 

Note that the Dirichlet-to-Neumann operator can also be understood as the Schur complement of the block 
operator H — z with respect to the lower left (Jt? D x J?f D )-block. 

Finally, Krein's resolvent formula is just a variant of the inversion of the block operator H — z, namely, 



R{z)-l*B d {z)l=(^ w Z d B _)j -(° {D ° z) -i) 



-{D ^zr^B*) ( (A - z) B{D »)~^)\^ ~B(D z)- 1 ) 
= S(z)A(z)- 1 S{z)* 

If we allow infinite graphs, then we may also have unbounded forms f) (if, e.g., fi(v) = 1, g(v) = 1 and degu 
is unbounded on the graph). Such cases and even more general ones ("discrete Dirichlet forms") are considered 
in [HKLWllJ. We can also use different weights for the boundary space and therefore also have unbounded boundary 
pairs. We hope to come back to the unbounded case in a forthcoming publication. 
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